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1 Poisson Algebras

Throughout, k is a field of characteristic 0. A commutative algebra over k is denoted ComAlg,
and an arbitrary associative one by Alg,.

1.1 Commutative Poisson Algebras

Let A € ComAlg,, have a Lie bracket, a bilinear operation [—,—] : A x A — A that satisfies

1. Skew-symmetry: [a,b] = —[b, al.

2. Jacobi Identity: [a, [b,c]] + [b, [c, a]] + [c, [a, b]] = 0.
If, in addition, the Lie bracket on A satisfies the Leibniz property [a,bc] = [a,b]c + bla, c], then A
is called a Poisson algebra.

Once we define Lie brackets on generators of an algebra A, if A is Poisson, we know how they
work for the whole algebra, since we may repeatedly apply the bilinearity of the Lie bracket and
the Leibniz property.

Ex. Defining a Lie bracket on Rlz1,...,2Zn,y1,...,Yn]. Since we can build any polynomial as
linear combinations of products of generators, we just need to know the generator brackets
(since the Lie bracket is bilinear). Define:

[Cﬂi,yj] = 0y [mi,fﬂj} =0 [yi»yj] =0

and extend so that the bracket is bilinear, antisymmetric, and satisfies the Leibniz property.
Now consider generators a, b, ¢, and note

la,1] =[a,1-1] = [a,1] - 1+ 1" [a,1] = 2[a, 1].

Since k has characteristic 0, [a,1] = 0. To verify this is indeed a Poisson bracket, we just
need to show the Jacobi identity. Assume that

[G‘l? [bv CH + [bv [Cv al]] + [Ca [alv b“ =0
[az, [b, c]] + [b, [c, a]] + [¢, [az,b]] =0
It suffices to show that
[a1az, [b, c]] + [b, [c, ara2]] + [c, [a1az, b]] = 0,

since any p € R[x1,...,Zn, Y1, ..., Yn] can be built using generators (can do a formal proof us-
ing induction, if preferred). The computation is long, but may be done by repeated expansion
using Leibniz and after noting that [aiag, b] = a1]ag, b] + [a1, blaz by skew-symmetry.

Ex. The above Poisson bracket has a nice generalization which may be applied to all functions
on R?", not just polynomials. It is as follows: Let f, g : R?® — R be real-valued functions,
and suppose the coordinates of R?" are (z1,...,Zn,%1,.-.,Yn). Then,

R of 89 Of dg
9= ; Ox; Oy;  Oy; Oy

Plugging in x;,y;; ©i, %;; i, y; for f and g respectively shows that this bracket is indeed the
same as the one we defined on R[xy,...,Zn,Y1,...,Yn], €xcept that it is more general. This
bracket is often called the “canonical” Poisson bracket.




1.2 Generalization to Arbitrary Associative Algebras

The Poisson structure defined above is notably restricted to commutative algebras; this begs the
question: can the Poisson structure defined above be extended to arbitrary associative algebras?
There are multiple approaches. The “more natural” approach involves treating commutative al-
gebras as a subset of associative algebras (which they are), and defining a Poisson structure on
associative algebras that recovers the standard Poisson brackets when applied to commutative al-
gebras. Our approach involves treating associative algebras and commutative algebras separately,
i.e. viewing them independently. We shall bridge this figurative gap using representation theory.

Recall that given an associative algebra A, a matrix representation is an algebra homomorphism
¢ A — My(k). We want to consider the vector space of representations of A, Rep, (4) =
Hom(A, M,,(k)); from here, we will consider the function space on Rep,,(A). To better illustrate
how this can be used to bridge our figurative gap, we work an informal example:

Ex. Let A = k[t], and let ¢ : A — M, (k) be an algebra homomorphism, so that ¢ € Rep,,(A). It
is not difficult to see that because ¢ preserves the structure of A, ¢ is completely determined
by M := ¢(t), since ¢t generates A. Thus, we can form a bijection between the set of n-
dimensional representations of A and the set of n X n matrices with entries in k:

Rep,,(4) +— M, (k) +— K

In this case, the corresponding commutative algebra would be k[ti;]1<i j<n-

More formally, for each representation p of A and for each a € A, we get a matrix p(a) € M, (k).
We want to consider the functions on the representation space of A, i.e. the dual space of Rep,,(4)
(the vector space of all linear functionals on Rep,,(A)). Hence, it is helpful to know the dual basis
for Rep,,(A). We return to the above setting to make things more clear:

Ex. Recall A = k[t] and that the n-dimensional representation space of A can be put in bijection
with M, (K). Moreover, take it on faith that the corresponding commutative Poisson algebra
will be A,, := k[t;j]1<i j<n, i.e. that the set of functions on the n-dimensional representation
space is k[tij]lgi,jgn, where t;; corresponds to the function selecting the ij-coordinate from
some matrix M. Now, recall that dual basis for M, (k) is the set of functions Ef, 1<4,j<
n, such that E; selects the ij-coordinate of any matrix M. We shall see that each EJ;
corresponds to left-multiplication by the matrix Fj;;. Given some matrix M := mq1Eqq +

oo+ Mpn Enn € M, (k), note that
tI‘(EﬂM) = tr(mﬂEjl + ...+ mijEjj +...+ minEjn) = Myy.

Thus, because we have the correspondence (informally) shown above, we may define a Poisson
bracket on A, in the following way: Let [t;;,txi] = duti; — Orjty. It can (and should) be
verified that this is indeed a Poisson bracket on A, —it is indeed skew-symmetric: [tg, ;] =
Okjtit — datk; = —[tij, tri]. As to why we should define the bracket in this way has not yet
been discussed; the reason is as follows: As we noted above, t;; corresponds to Ej; in M, (k).
Thus, it is natural to use this correspondence to define our bracket. Indeed, because there is a
standard bracket defined for the general Lie algebra g, (k) ([a,b] = ab—ba for a,b € M, (k)),

[tij, te) <— [Eji, Eix) = EjiEn — EnEji = 6aEjr, — 0k Eri <— Suti; — Onjtar.
Thus, it is not difficult to see that A,, the functions on the representation space, must indeed

be k:[tij]lgi’ j<n, on which we already know how to define a Poisson bracket.

Generally, we are not so lucky, and A tends to have more than one generator. In this case,
Ay, = k[Rep,,(A)] (the coordinate ring of the representation space, with multiplication given by
the usual multiplication of maps from M, (k) — k) is generated by the usual a;; where a € A and
1 <i,7 < n and is constrained by the following:

(ab)ig = > ainbj,  (Aa+ pb)iy = Aag; + by
k=1




for all a,b € A and A\, € k. Note that these constraints are the familiar ones given by matrix
multiplication. We illustrate this with another simple example, where A is the free algebra on two
letters.

Ex. Let A = k(x,y), the free algebra on the set {z,y}. Informally, one can think of A similarly to
klx,y], but noncommutative (note that k(t) = k[t]). Now fix an a € A and define a matrix-
valued function on Rep,,(A4) called a;; : p — p(a);;; in other words, a;; takes the ij-th entry
of the matrix p(a) € M, (k) for p € Rep,,(A). If we have the matrix representations

— 11 T12 and Yy Y11 Y12
T21  X22 Y21 Y22

then

Ty T11 Ti2| (Y11 Y12
T21  T22] (Y21 Y22

and, in the general nth case, the function (zy);; is given by the linear algebra formula
n
(@y)ij = > Tikyn;.
k=1
The corresponding commutative algebra is A, := k[z;;, yi;]-

Ex. Ironically, when A = k[z,y] (note A is commutative), A,, is not a polynomial algebra, but
instead a quotient of one. This is due to various constraints induced by the commutativity
of A. Suppose X = (z;),Y = (yi;) € My(k) are n-dimensional representations of z and y.
Thus, A,, = k[Rep,,(A)] is generated by x;; and y;; subject to the relation

n n
(@y)ij = > Tayrs = Y Yintrj = (y2)ij-
k=1 k=1
Therefore, the corresponding commutative algebra becomes

Ay, = k[xijyyij]/(( S h 1 TikYkj — Dopey yik$kj)>7

where 1 <4,j < n.

1.3 Hy-Poisson Algebras

The definition of a Poisson structure for a commutative algebra (Lie bracket satisfying the Leibniz
rule) can be applied to any noncommutative algebra as well. However, as noted in Crawley-Boevey,
the only such Poisson brackets on “a genuinely noncommutative prime ring” are the commutator
bracket [a,b] = ab — ba and its multiples. In this section we define the notion of an “Hy-Poisson
structure”, which is the weakest known structure that induces a Poisson structure on A,, for any
associative algebra A.

First, we begin with a few definitions.

Definition 1.1. Let L be a Lie algebra. A derivation d : L — L is a linear map satisfying the
Leibniz law:

d([a,b]) = [a,d(b)] + [d(a), D]

for all a,b € L. In the context of associative algebras, if d : A — A is in Der(A), then for all
a,be A,
d(ab) = d(a)b+ ad(b).

Definition 1.2. Let A be an associative algebra. Define Ay = A/[A, A], where [A, A] is the span
of all commutators, i.e. [A, A] = span{ab—ba | a,b € A}. Define Ay, = A/([A, A]) to be quotient
of A by the two-sided ideal ([4, A]).




Note that [A, A] is not necessarily a two-sided ideal of A, and therefore Ay is not necessarily an
associative algebra itself, since it will not in general have a well-defined multiplication. Herein lies
the distinction between Ay and Ap: Ay is the quotient of A by the subspace [A, A], and while it
is a vector space, it is not an algebra. On the other hand, Ay, is a commutative algebra—in a
sense, modding out by ([A, A]) “abelianizes” A (note that Ay, is indeed an algebra, since ([4, A])
is a two-sided ideal of A; it is not difficult to see that it is commutative). But, since the ideal in
question ends up being so large, Ay, ends up not being very interesting.

Now, for each a € A let a = m(a), where 7 : A — A/[A, A] is the canonical projection map. Note
that if d € Der(A), d induces a linear map d : Ay — Ay defined by @ — d(a): because

d([z, y]) = [z, d(y)] + [d(x), y] € [, A]
for all z,y € A it follows that if @ = b € Ay so that a — b € [A, A], then

d(@) — d(5) = d(a) — d(B) = w(d(a) — d(b)) = m(d(a — b)) = d(a—b) = 0

where the last equality follows from the fact that a —b € [A, A] so that a—b is a linear combination
of commutators and therefore d(a — b) € [A, A] by the linearity of d. Thus, the induced map d is
well-defined, its linearity being inherited from d.

Definition 1.3. An Hy-Poisson structure on A, an arbitrary associative algebra, is a Lie bracket
(=, —) on Ay such that for all a € A, the linear map (a, —) : Ay — Ay is induced by some derivation
d, : A — A. To be more precise: it is (a, —) is the induced linear map d, we discussed above.

Note. If A is commutative, then [A, A] = 0 so that A; = A/0 = A. In this case, it is not difficult
to see that an Hy-Poisson structure on A is precisely a Poisson bracket on A; we only need to
verify the Leibniz rule. But, doing so is easy:

(a,bc) = da(be) = dq(b)c + bd,(c) = (a,b)c + bla,c)
for all a,b,c € A (we have dropped the ~ notation here, as it is unnecessary).

Note. For a group G and (finite-dim) vector space V, a representation of G in V' is a homomorph-
ism ¢ : G — GL(V'). This ¢ induces actions of G on V. We can express actions of G on k[V] by
the relationship

(- @)= flg™"2) = f(z-9g)
where f € k[V] and z € V. In other words, left-action of g on f € k[V] gives right-action of g on
x € V. The question is: what subspace of k[V] is G-invariant, i.e., g - f = f for all g € G? This
subspace is denoted k[V]“

Sometimes, it is more fruitful to consider the equivalence classes of representations of A, which we
denote by Rep,,(A)/GL,,. Recall that representations on conjugacy classes of M, (k) are equivalent,
since two representations ¢; : A — End(V;) and ¢3 : A — End(V3) are equivalent if there is a
vector space isomorphism v : V; — Va such that ¢;(a) = ¥ ~1¢a(a)y for all a € A (this induces
a module isomorphism between corresponding A-modules V; and V3). Translating the above into
the language of matrices and matrix representations should not be difficult. From here on out,
we let AGEn = Kk[Rep,,(A)]9F~, the coordinate ring of invariants (i.e. of equivalence classes of
representations). Because equivalence classes of representations are invariant under conjugation
by any element g € GL,, it is natural here to define the GL,-action to be

n

g-mij(M) =mi;(g~ Mg) = Z (97" ikmugu

k=1
for some m € M, (k). We show that tr(m) := >." , m;; € A, is one such invariant under the
action of GL,; in fact the elements tr(m) generate ASE» (see reference in the Crawley-Boevey

paper). We see that
n
g-tr(m Zg mi; = Z Z kg = Z miagii (9 ik = Y, Swmrs = tr(m),
i=1 k,I=1 ik l=1 k=1

so tr(m) is indeed invariant for all m. Now, the motivation for considering the equivalence classes
of representations of A is best illustrated by the following theorem due to Crawley-Boevey:




Theorem 1.4. If A is a finitely generated associative algebra over an algebraically closed field k of
characteristic 0, (—, —) is an Hy-Poisson structure and n a natural number, then there is a unique
Poisson structure {—, —} on AGLn with the property

{tr(a), tr(b)} = tr(a.b)
for all a,b € A.
Note that in the above, @,b are as discussed in 1.3. Proof of this theorem is given in the afore-

mentioned paper by Crawley-Boevey. Thus, we see that an Hy-Poisson structure on A induces a
unique Poisson structure on AGL» in the classical sense:

A —— AGLn

n




2 Double Poisson Brackets

2.1 Tensor Products and Algebras

Let V, W be vector spaces over k.

Definition 2.1. The tensor product V ®; W is a vector space over k generated by v ® w
satisfying

1. (014 v2) QW =11 @W+ v @ w.
2. v® (w1 +wz) =v W + v ws.

3. (kv)@w=Fk(vew)=v® (kw).

Note. Writinga € V@ W or a = @’ ® a” is understood as a linear combination of vectors of the
form v ® w.

Definition 2.2. An n-fold tensor product is the vector space

V=V V.
~———

n-copies

Note. Write the vector v1 ® -+ - Q@ v, as (v1,...,0p).

If dimV = n and dim W = m, then dim(V ® W) = nm. Intuitively, this is because v; ® w; form
a basis for V@ W, given that v; and w; are basis vectors for V' and W.

Definition 2.3. The infinite-dimensional vector space
TV)=kVeV®2g...@Ve"g...

can be made into an algebra using the following product, often referred to as the concatenation
product: if u = (v1,...,v,) € V¥ and v := (vpt1,...,v,) € V" then wv := (v1,...,v,) €
V®". Extending bilinearly, we get a well-defined multiplication on (V') so that T'(V') becomes an
algebra. We call this the tensor algebra generated by V.

The tensor algebra generated by V', T(V), is also known as the free algebra on the vector space
V; in fact, it’s the free algebra generated by basis vectors of V. For example, we can view the
algebra k(z,y) as a tensor algebra T'(V), where V is generated by z and y. In this way, T(V) is
the noncommutative version of a polynomial algebra.

In general, a ® b # b ® a, but we can define a map (—)°: A® A — A® A where (a ®)° =b® a.
Alternatively, we see that the symmetric group Sy acts on A® A, where the group action is given by
(12) - (a®b) := (a®b)° and extending linearly (this is easy enough to verify). Even more generally,
we see that given the n-fold tensor product A®", S,, ~ A®" in the natural way—the generalization
to the n-dimensional case is easy to see. For example, S ~ A®3, and (123)(a®b®c) =c®a®b.

Recall the definition of a left module and a right module, and recall that a bimodule is a module
that is both a left and a right module. Now, note that in addition to the S,-action on A®", there
is also an A-action called the outer bimodule structure. It is given by

(a1 ®@...Q0a,)y =201 ... R any forallx,yeAanda1®...®an€A®n.

For n = 2, there is an additional A-action on A®" given by x x (a1 ® a2) * y := a1y ® xas. This
action is often referred to as the inner action.




2.2 n-brackets

As discussed previously, our goal is to construct a Poisson structure on A, := k[Rep,,(A)], the
coordinate algebra of the representation space of A. The introduction of Hy-Poisson algebras
makes this possible, but only up to GL,-invariance. In other words, recall that an Hy-Poisson
structure on A induces a Poisson structure on ASL7 but not A, itself. Note that if we tried
to define a Poisson bracket on A, we would immediately run into difficulty. We would want to
define our structure on generators of A,,, which, recall, are the functions a;; € k[Rep,,(A)] for all
a € A; we would need to define [a;;, b] for a,b € A. However, note that this would depend on
four indices, instead of two as desired. As a remedy to this problem, we turn to tensor products
and develop the notion of a double Poisson bracket.

Definition 2.4. Suppose A is an associative k-algebra and 7(_y € S, are permutations. An
n-bracket is a linear map {—,...,—} : A®" — A®" satisfying

1. far,...,anal} = {a1,...,an}al, + anfas,...,al,}
2. Ty o f{— .- —Fo T(_Ll“n) = (=) -, ...,-}

Example 2.5. Setting n = 1, we see that a 1-bracket is just a derivation. When n = 2, we get a
2-bracket, which we shall refer to as a “double bracket.” Note that in this case, 1. and 2. above
may be interpreted as

{a,bc} = {a,b}c+ b{a,c} = {a, b} @ {a,b} c+bfa,c} @ {a,c}”

and {b,a} = —{a,b}}°. Moreover, it is simple to verify that these properties imply

{ab,c} = —{c,ab}® = —{c,a} ' b® {c,a} — {c, b} @ afc, b} = {a,c} xb+ax{b,c},

where the last equality follows from applying the inner bimodule structure given above and from
the fact that {a,c} € A ® A may be written as {a,c} ® {a,c}’ = —{c,a}’ @ {c,a}.

2.3 Coalgebras: A brief, informal Introduction

Recall that in an algebra A, there is a multiplication - : A x A — A. Coalgebras extend the sort of
natural converse of this idea—they are equipped with a comultiplication A : A* — A* ® A*, where
A* denotes the dual space of A. There is a relatively natural way to define comultiplication in a
coalgebra, but as we are treating this section informally, we opt to give a familiar example instead
of the formal definition.

Example 2.6. Suppose A = M, (k). We want to define A : M, (k)* — M,(k)* @ M,(k)* =

(M, (k) @ M, (k))* (the equality only holds with finite-dimensional algebras). If f € M, (k)*,

then A(f) will be a function M, (k) ® M, (k) — k. Thus, we see that we need to determine how

A(f) acts on elements of M, (k) ® M,(k). If X ® Y € M, (k) ® M,(k), then it is natural to let

A(fIIX®Y) = f(XY). We see how this works for the generators of M, (k)*, which, recall, are

the matrices EJ;, 1 <4,j <n, selecting the ij-entry of a matrix. In this case, we may write
A(E:}) = Zaklllk2l2E;€klll ® El:glg?

where the k’s and [’s range from 1 to n. Moreover,

(XY)ij = > XitVij = D Ghstikots Xty Vil
k

only if k1 =14, lo = 7, and ko = [; and if

1 ifklzi,lgzj,andk2:ll
a _
Palihale 0 otherwise.

Hence, it is not difficult to see that

A(E;) =Y Ej® Ejy = AE]) @ AE)".
k




Thus we see that any finite dimensional algebra gives a coalgebra via its linear dual. Moreover,
the above example gives us good practice working with tensors, specifically the ’ and " notation.

Note. It is pretty easily shown that (V @ W)* = V* ® W* when both vector spaces are finite
dimensional. The proof is as follows:

Proof. We show that there exists an injection V* @ W* — (V ® W)*; we can use dimensions to
force the equality. First note that dim(V @ W)* = dimV - dim W = dim(V* ® W*). Then, let
@ V*Q@W* = (VW)* be given by ¢(f ®g) = f-g, where f - g is the element of (V @ W)* such
that f-g(v®@w) = f(v)g(w) (the motivation for this is because (f ® g)(v @ w) = f(v)g(w)). Now,
f®g is nonzero if neither f nor g is 0, so f-g cannot be 0 either if f®g # 0. Thus ¢ is an injection,
and since the vector spaces have the same dimension, it follows that (V@ W)* 2 V* W*. O

2.4 Properties of Double Brackets

We will show that any double bracket on an algebra A is completely determined by how it operates
on the generators of A. The linearity of n-brackets ensures that we only need to check that double
brackets of products of generators can be written in terms of double brackets of generators. We
begin with the case {x1z2,y1y2} and then generalize to the case with n-products in each slot. We
do this by repeatedly applying the properties listed in 2.4 and 2.5. We see that

{z120, 1192} = yif{zrze, v} + {172, 1 Joo
=y1({w1, g2} * w2 + 21+ {22, 92})
+ {z, Y xxo+ a0 o, 1 )y
=yifzr, v} 22 @ {1, 12} + yi e, 2} @ w1 {wa, y2
+{z, 1 2o @ for, v} vo + {2, Y @ i fae, v}y

as desired. The n-fold case is similar:

{{Il . ..gj,n,yl ...yn}

= Z Y- 'yj—l{{xiayj}lxi-&-l Xy QT xi-1{{$i,yj}//yj+1 o Yn
1<4,5<n

——— Z yl"’yjfl{{yj,%}}”xiﬂ"'xn®x1""Tifl{{yj,l'i}/yfrl”'yn
1<4,5<n
—< Z zr iy T Y Y @1y g, i $n>
1<i,5<n

—{{y1--~yn,w1--~$n}}

o

2.5 Double Poisson Brackets

Recall the Jacobi identity:
[a, [b,c]] + [, [¢, al] + ¢, [a, b]] = 0

where [—,—] : A® A — A. Note that the Jacobi identity may be written as
= [= -+ == -]e 7-(_153) +[=[=-le 7—(_1;,2) =0,
and that [—, [—, —]] is a function first from AR AR A — A® A and then from A® A — A. To extend

the notion of a Poisson bracket to higher-dimensional tensors, we need to develop the notion of a
higher-dimensional Jacobi identity. Specifically, we already have developed the notion of a double
Poisson bracket, and it would follow that a “Double Poisson Algebra” would be an algebra on
which a double bracket is defined such that the double bracket satisfies a “Double Jacobi Identity.”
We shall see that this is indeed the case. However, note that we run into a bit of trouble if we
define such a double Jacobi identity naively. Indeed, we see that {—, {—, —}}} doesn’t even make
sense, since the element in the second slot would be a 2-tensor and since {—, —} : A® A - A® A.
To remedy this problem, we make the following definition:




Definition 2.7. Let a € A and by @ by ... @b, € A®" for an associative k-algebra A. Then, we
define the following:

{{a,b1®...®bn}}L = {{a17b1}}®b2®...®bn

and
{fa,01@...Yr=01®...0by—1 ® {a,b,}.

Note that {a,b1 ® ... b, } 1 and {a,b; ® ... ® b, }r are both elements of A®™ Thus, we see
that {a, {b,c}}r and {a, {b,c} }r are both elements of A ® A ® A. We are now fully equipped
to define the so-called Double Jacobi Identity.

Definition 2.8. The Double Jacobi Identity is as follows: Given a double bracket {—, —} on some
algebra A, {—, —} satisfies the Double Jacobi Identity if

{4 -3 +7ae o - -FPzro 7'(_153) +71asy o {—{— —Fhro T(_1?1)2) = 0.

We let
fa,b,c} = {a,{b,c} }r + Ta23) o £b, {e, a} B + 7132y © e, {a, O} i

for some a,b,c € A

Proposition 2.9. The above bracket {a,b,c} is a triple bracket.

See Proposition 2.3.1 in van den Bergh’s paper on ]:?’)ouble Poisson algebras for the proof. Note
though that this is indeed a bracket from A®" — A%®".

Definition 2.10. A Double Poisson algebra is an algebra A equipped with a double bracket
satisfying the double Jacobi identity, i.e. {—,—,—} = 0.

It suffices to show that {—, —, —} = 0 only on generators of A. This follows because {ab, c,d} =
Ta123)f¢, d, ab} and because {{a,be, d} = 7(132){d, a,bc}. Moreover, we have {z,1} = {z,1} +
{x,1} = 2{x, 1}, implying {z,1} = 0, so that {1,2} = —{«,1}° = 0. Finally, we return again
to A = k[t] and construct some double brackets on this algebra.

Example 2.11. As we showed above, to construct a double bracket on A, we only need to define
it on ¢. From there, we may use the higher dimensional Leibniz rule to extend the bracket. Thus,
all we will have to check is that {¢,t}} = —{¢,t}}°. One such double bracket on A is given by
{t,t} =t®1—1®¢t We will show that this is indeed a double bracket; that it further induces a
double Poisson structure on A. Verifying that this is indeed a double bracket is simple:

{t,t}=tel-10t=-(10t-t®1)=-(tel1-11t)° = —{t,t}°.

By definition, {—, —} satisfies the Leibniz rule for double brackets, so both properties hold and it is
indeed a double bracket. All that remains to prove is that A with this structure is a double Poisson
algebra. We just have to check that the double Jacobi identity is satisfied, i.e. that {¢,¢,t} = 0.
To do this, we first compute {¢, {t,t}}}1, since the other terms are just permutations applied to
this expression. Hence, we see that

{t.{t,t}}r={t,te1 -1t} ={t,t}1-{t,1}t=(t1-10H) @1 =t11-10t®1,
SO
Tagy o {t. {t. 1} =10tel -1l

and
Taszy o {t, {t,t}pr =11t -te1e 1.

The sum of these three expressions is 0, so we have {{t,¢,t}} = 0 as desired. Therefore, A = k[t]
equipped with the double Poisson bracket given above makes A into a double Poisson algebra.
Another such bracket with this property is {t,t} =t> @t —t ® t2.




3 Double Poisson Bracket and the Hy-Poisson Bracket

3.1 Poisson Homomorphisms

Definition 3.1. Suppose A and B are Poisson algebras with brackets {—, —} and [—, —] respect-
ively. A Poisson homomorphism is a map ¢ : A — B such that for all z,y € A

o({z,y}) = [(x), 6(y)]-

Similarly, if A, B are double Poisson algebras with brackets {—, —J} 4 and {—.—} 5, then a double
Poisson homomorphism is a map ¢ : A — B such that

oz, y}a) = {o(2), 0(v) } 5
forallz @y e A® A.

3.2 The Noncommutative, Double-Bracket Analog of the Classical Pois-
son Structure on R?"

Recall that we may define a Poisson structure on the algebra of smooth functions mapping R
to itself: {f,g} =>1, g:r{i gzi — %%’ where (21,...,%n,Y1,---,Yn) are the coordinates in R?",
To define an analogous noncommutative double bracket structure, we consider the tensor algebra
over a 2n-dimensional vector space V. Recall that T(V) = k(x1,...,Zn,y1,.-.,Yn). Here, we let
{ZCZ‘,ZCJ'} =0= qu;,yj}, and {{x%yj}} = 5ij 1®1= —{{yj,xz}} Note that {7, — 7}} =0 is then
true automatically, making T'(V') a double Poisson algebra.

3.3 An Alternate Definition of an H,-Poisson Algebra

We compile here a list of previously defined terms for convenient reference.
Definition 3.2. For an associative k-algebra A, define A, by A; := A/[A, A].
Remark 3.3. Observe that A; is indeed a vector space, but not necessarily an algebra.

Definition 3.4. We denote by Der(A) the vector space of all derivations on A. That is, the space
of linear maps f: A — A such that f(ab) = f(a)b+ af(b) for all a,b € A. A map g,: A — A
is an inner derivation in case go(b) = ab — ba for some a € A. The space of all inner derivations
(Inn(A)) forms a subspace of Der(A).

These definitions allow us an alternate way to define an Hy Poisson bracket on A.

Definition 3.5. An Hy-Poisson Bracket on A is a linear map p: A/[A, A] — Der(A)/Inn(A) such
that {a,b} = p(a)~(b) where p(a)™ is any map from A/[A, A] to Der(A) whose composition with
the the natural projection map 7: Der(A) — Der(A)/Inn(A) is equal to p.

3.4 The Relationship between Double Brackets and Hy-Poisson Brackets

Suppose A is double Poisson. Then, note that we have the following chain of maps: mo {—,—} :
ARA— AR A — A, where m is the linear multiplication map under which x ® y — xy. Now, we
attempt to define a new bracket {—, —} : A@ A — A, given by {a,b} = mo{a,b} = {a,b} {a,b}".

Since
fa,b,c} = b{a,c} @ fa,c}” + {a, b} @ {a,b}c,
we have

{a,bc} = bfa,c} {a,c}’ + {a,b} {a,b}"c = b{a, c} + {a,b}c, (1)
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and thus the single bracket indeed satisfies the Leibniz rule. However we see that {—, —} is not

antisymmetric:
{aa b} = 7{177 a}}//{ba a}}l # *{bv a}/{ba a}H - 7{b7 a}'

However, in Ay,

{a,b} = —{b,a}"{b,a} = —{b,a}’ {b,a}” = —{b,a}.

Thus, we must go one more step, and let {—, -} : A® A — Ay be given by {—, —} = romo{—, -},
where 7 is the canonical projection map from A to A. To make this into a Lie bracket on Ay, we
need to project each of the

Proposition 3.6. As given above, {—, —} induces well-defined maps Ay ® A — A and Ay ®@ Ay —
Ay, the second of which being antisymmetric.

Proof. We have antisymmetry of the second by the above. We begin by noting {bc,a} = {cb,a}.
Recall that

{be,al} =bx {c,a} + {b,al} xc= {c,a} @ b{c,a}” + {b,a} c@ {b,a}”.

Hence,
{bc,a} = {ec,a} vfc,al}’ + {b,a} c{b,a}’ = {cb,a};

it follows that {bc—cb,a} = 0. Thus, projecting the first argument of {—, —} is well-defined, and we
have a well-defined map {—, -} : Ay ® A — A, which of course, we may project down to A, giving
us a map from Ag A — A. Above we noted that in Ay, {—, —} is antisymmetric, so {a,bc—cb} =0
in Ay as well. Therefore, {—, —} : A; ® Ay — Ay is well-defined. O

Proposition 3.7. {—, —} is a Lie bracket on A;.

Proof. We already have that the bracket in question is well-defined and antisymmetric on Ay. In
2.4.2-2.4.6, van den Bergh shows that the double Jacobi identity implies the Jacobi identity in Ay.
Thus, Ay equipped with the bracket in question is a Lie algebra. O

Moreover, we see that {a, —} is induced by the derivation {a, —} : Ay ® A — A (i.e. by lifting the
second argument to A, which is well-defined by 3.6, we get a derivation on A by (1)). Therefore,
the double Poisson structure on A induces an Hy-Poisson structure on A; in other words, double
Poisson brackets are stronger that Hy-Poisson structures.

However, one of the main drawbacks of the double Poisson structure is that there is no obvious
relation between double Poisson brackets and the classical Poisson structures we studied previously.

By the above, Hyp-Poisson brackets are induced by double Poisson brackets, which begs the question:
is the converse true? Can a double Poisson bracket be recovered from an Hy-Poisson structure on
an algebra? The following example shows that this is not the case.

Example 3.8. Consider A := k[z,y] = Ay. Because {z,zy} = {z, yx}, it must be that

e{z,y} + {z, 2}y = {z, v}z +y{z, 2}
ez, y} — {z,y}r = y{z, 2} — {z, 2}y
(zol-1@z){z,y}=@wyo1 -1y {z,z}.

So, z®1—1® x divides {x, 2} and likewise y ® 1 — 1 ® y divides {z,y}}. This forces {x,z} =
{z,y} = 0. A similar argument shows {y,y} = {y, 2z} = 0 as well. Thus, for this algebra, there are
no interesting Poisson brackets induced by double Poisson brackets.

Thus, in general, nontrivial double brackets are not always induced by Hjy-brackets. Therefore,
we see that when commutative algebras are viewed as a subset of associative algebras, Hy-Poisson
structures work well, whereas double Poisson structures are more compatible when noncommutat-
ive and commutative algebras are viewed separately.
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3.5 Defining Poisson Brackets on the Coordinate Ring of Rep,,(A)

Recall that the coordinate ring of the representation space of an algebra A, A, = k[Rep,,(A4)], is
generated by the elements a;;, where 1 <4,j < n and where a € A. Moreover, the a;; satisfy the
following relations: for all a,b € A and A\, u € k,

Aaij + pbi; = (Aa+ pb)ij; - (ab)s; Zazkbkjy Lij = 0ij.

We want to define a bracket on A,,, so we must determine the bracket on generators, i.e. we need
to define [a;;, bgi]. Once we have defined the bracket on generators and checked that it satisfies
the requisite properties, we can extend it using the Leibniz rule to get a bracket on the entirety of
A,. So, let A be double Poisson. Then define

[aij, bri] = {a, b} - fa, b}
We shall see that this gives a Poisson structure on A,.

Proposition 3.9. The bracket defined above is well-defined and antisymmetric.

Proof. Antisymmetry is easy to check: for all a;;, by € Ay,

[br1, aij] = {b, ali {ki}" = —{a, b} {a, b}, = —laij, bwil,

where the middle equality follows from the corresponding “antisymmetry” property for double
brackets. As for well-definededness, we just need to check that the bracket preserves the relations
given above. Suppose a,b,c € A. Then

laij, (be)w] = {a, be}y;fa, be}y = (0fa, e} )ijfa, c}i + {a, b}, (a0} )
= Z ka{{a7 C}}/rj {{a7 C};,l + {{a" b};c] {{av b}}iTch'

Moreover,
Z[aij7bkrcrl] = Z[a”,bm]crz + birlagj, cr] = Z{{a b}iilla, b} e + berfa, e} {a, e,
so the bracket is indeed well-defined. O

Proposition 3.10. The bracket defined above satisfies the Jacobi identity. Notably, we have

[@ij, [bris cst]] + [bris [Cst aij]] + [est, [ais, bral]

= {{aa bv CH'/sj {{av ba C} {a’ b C}}/,/ {{av C, b}};cg {{av &) b} {a G, b}}m

Proof. This is mostly an elaborate computation:

[aiz, [brr, est] = [az, £, e} b, e

= [agz, £, Bl {b: e}y + {bs chalaij, {b. c}ie]

= fa, {b. c} B fa, {o, e} B b, c}re + 0, chafa, {6, e} Biida. £0, 3}

= fa, {b. c} B {a, {b, B B dd, iy — Lo {e. 0} Brj{la. {e, 0} Hiidle. 0}
[bri, [est, ais] = {0, {e, a} B o, fe, a} Briede ads; — {0, {a. e} oo, {a. c} B {as el
[est, [aij, bua] = fe, {a. 0} Brfle, fa, 0} B {la, b} — {e. {6, al Wi {le. {0, a} B {0, alti;-

Moreover,

{a,b,c} = {a,{b,c} P + (123) o {b, {c,a} }r + (132) o {c, {a, b} }
= {a,{b,c}} @ {b,c}"’ + (123) o {b, {c,a}'} @ {c,a}”
+(132) o {c, {a, b} } @ {a,b}”
= fa, {b.c}'} @ {a, {b,c}'} @ {b,c}”
+ {c,a}” @ {b, {c. a}'} ® {6, {c,a}'}”
+ {c, {a, b} } @ {a, b} @ {c, {a, b} }

12



{a7 = b}} = {{a7 {{Cv b}/}l ® {[a’ {{C, b}}l}/, ® {C’ b}}//
+ {0, a}" @ {c, {b.a} } @ {c. {0, a} }"
+ {6, fa. c}'} @ fa,c}” @ {b, {a, c}'}.

It is not difficult to see that these computations yield the desired identity. O

Note: the reason that the above is equal to 0 when A is double Poisson is as follows. Let m : A®°
be the trilinear map sending a ® b ® ¢ — a;;bgics:. Since linear maps always map 0 to 0, then it

follows that if a @ b® ¢ = 0 in A®3, then its image under m must also be 0. Thus, we may note
that by the above, the Jacobi identity will be implied if A is double Poisson.

Example 3.11. Let A = k[t] have the Double Poisson structure given by {¢,t}} =t ®@1-1®¢t.
Recall that A,, = k[t;;] with 1 <4, j < n. By the above, we have the following bracket on A,:

[tijs tra] = Lttt thi = dutry — Onjt

(recall that the sum that should be placed to the right of the first equality has been omitted for
brevity). Remember, this is exactly the bracket we defined on A, in the second example on page
2!

Example 3.12. Let A = k(z,y), and recall that A,, = klz;;, yx] for 1 < 4,4, k,1 < n. Moreover,
recall the double Poisson structure on this algebra that we described in Section 3.2. Obviously, it
follows that

[@ij, Trt] = 0 = [Yij, Y

for all 4, j, k,1. It is not difficult to see that
a5, i) = L2, v}l vl = Wri(Da = dkz0u

What about A = k[t] for {t,t} =t? @t —t ®t2?
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4 More on Double Brackets; Introduction to Lie Algebras

4.1 Double Brackets on Commutative (Polynomial) Algebras

Consider the algebra A = k[y1, ..., ym] € ComAlg,. If we want to define a double bracket {—, —}
on A, we need to enforce the restriction {y1,y192} = {v1, y2y1}}- But by Leibniz, this implies that

(v1 @ Dy, v2 + v, 1 A @ y2) = (y2 @ D{yr, vo } + v, 23 (1 @ y1)

(@l =10y ){y,vel} = (12 @1 - 1@ y2){y,v1}
so that (y2®1—1®ys) is a factor of {y1,y2}} and (y1 ®1—1®y;) is a factor of {yo, 11 } = —{y1,v2}}°.

In other words, we may write

vy, =1 -105) (1221 -1Qy2) - (a®b).

Antisymmetry and the Jacobi identity will force {—, —} = 0 by requiring the vanishing of the a®b
term. Therefore, polynomial algebras over a field have no nontrivial double brackets.

The main idea is that double brackets don’t work well in commutative algebras. They are stronger
than Hy-Poisson structures, but not all Hp-Poisson structures are induced by a double bracket, as
in this case.

Note that when we restrict the bracket to AST» which is generated by tr(a) for a € A, we see that

[tr(a), tr(0)] = Y laii, bj] = Z{{a, b} jila 037 = > (fa. b} {a. b}") i = tr([a, b]) € ATF",

(2] J

which is exactly the Poisson structure induced by an Hy-Poisson algebra! Thus, as noted above,
double Poisson structures induce Hyp-Poisson structures, but the converse is not always necessarily
true.

4.2 Lie Algebras: Introduction

Definition 4.1. A Lie algebra is a k-vector space, g, equipped with a bilinear operation [—, —] :
g® g — g called a Lie bracket satisfying

1. Anitsymmetry: [z,y] = —[y, ] for all z,y € g;
2. The Jacobi Identity: [z, [y, 2]] + [y, [z, z]] + [z, [z,y]] = 0 for all z,y, 2z € g.

Some examples of simple Lie algebras:

Example 4.2. Abelian Lie algebras: if g is a vector space with the trivial bracket [z,y] = 0 for
all x,y € g, then it is called an abelian Lie algebra. It is obvious the above properties are satisfied
trivially.

Example 4.3. Any associative algebra A may be turned into a Lie algebra by defining the Lie
bracket on A in the following way: [a,b] = ab— ba for all a,b € A. Brackets of this form are called
commutator brackets.

Example 4.4. Consider the matrix algebra M, (k) with Lie bracket as in Example 4.2. This
is a Lie algebra, called the general linear lie algebra, and it is denoted gl, (k). Obviously it has

dimension nZ2.

Definition 4.5. Suppose V is a Lie algebra. A Lie subalgebra of V is a subspace U closed under
the Lie bracket, i.e. [x,y] € U for all z,y € U.

There are several important Lie subalgebras of gl,, (k). We list them here:
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Example 4.6. The special linear algebra sl,, (k) is the subspace of gl,, (k) of trace-zero matrices.
It is easily verified that given any z,y € sl,(k), tr([z,y]) = 0 so that sl,, is a Lie subalgebra of
gl,. As for the dimension of sl,,, we see that there are no restrictions on the off-diagonal entries
of an element of sl,,. However there are restrictions on the diagonal elements; particularly that if
A1, ..., A, are the diagonal elements of some matrix in sl,,, then A\; + ...+ A, = 0. In particular,
MEn+...+ 2 En, =0. Now, it is not too difficult to see that {\iE11+...+ A Enpn | A1,..., A\p €
k} is a subspace of dimension n — 1 (take {E11 — E92, B — E33,...,Ep_1 -1 — Enn} to be a
basis). Thus, it must be that dimsl, =n? —n+ (n —1) =n? — 1.

Example 4.7. The subspace of skew-symmetric matrices also forms a Lie subalgebra of gl,,, which
we denote by so,, and is called the special orthogonal Lie algebra. Suppose A, B € so0,,(k). Then
[A,B]T = (AB — BA)T = BTAT - ATBT = BA - AB = —[A, B],

so [A, B] € so,(k); so, is indeed a Lie subalgebra of gl,,. In fact, the skew-symmetry of the
matrices in so, forces the diagonal elements of any matrix in so,, to be 0, so we see that so,, is
a Lie subalgebra of sl,,. It is easy to verify that dimso, = %
form a basis for the entire algebra:

. In sly, the following matrices

Some easy computations show
[X,Y]=Z; [Z,X] = 2X; [2,Y] = -2V
we may use these relations to compute the bracket of any two elements of sls.

Example 4.8. When k& = 2n is even, there is another Lie subalgebra of slj, called the symplectic
Lie algebra. It is denoted sp,,,. Let
0 I,
)

Define sp,,, (k) = {X € gl,,(k) | QX +XTQ = 0}. It is obvious this is a subspace of gl,,,, so we check
that sp,,, is closed under bracketing. Suppose X,Y € sp,,, so that QX + XTQ =0=QY +Y7Q.
Then,
QX, Y]+ [X,Y]TQ=0XY - Qv X + YTXTQ - XTYTQ
= QXY —QYX - YTQX + XTQy
=QXY -QYX +QYX — QXY =0,

SO §p,,, is indeed a Lie subalgebra of gl,,,. To find the dimension of the symplectic Lie algebra we
utilize the defining relation QX + X7Q = 0. Let

A B
=5

where A, B,C, D are n X n matrices. Since
AT CT
X" = [BT DT} s

some computation shows

[¢ D1 or, [-CT AT
ox=[9 2] x-S 4.

Because QX + X7Q =0, then C = C7, B = B”, D = —AT. Thus, X is completely determined
by A and the upper-triangular portions of B and C. Therefore, we see that

dimsp,, =n? +n(n+1)/2+n(n+1)/2 =n?+n?+n=2n%+n.

Since D = — AT it is not difficult to see that tr(X) = 0, where X is the block matrix from above.
Thus, sp,,, is a Lie subalgebra of sly,. Moreover, we see that by a dimension argument, sp,,, is
strictly contained in sly, for n > 1. When n = 1, we see that sly = sp, (again, this follows from
looking at the dimensions of the respective algebras).
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Now, let A be an associative k-algebra, and consider the endomorphism algebra Endg(A) of linear
maps taking A to itself (note that in Endy(A), multiplication is given by composition). Recall the
definition of Der(A), the subspace of all derivations in Endg(A). We show that if f,g € Der(A),
then [f,g] := fg — gf is again a derivation, making Der(A) into a Lie subalgebra of Endy(A).
Suppose a,b € A. Then

[f: 9l(ab) = (fg = gf)(ab) = f(g(ab)) — g(f(ab))

= f(g(a)b + ag(b)) — g(f(a)b + af (b))
=g(a)f ()++af(g(b))+f( )9(b)

— f(a)g(b) — g(f(a))b — a(g(f (b)) — g(a) f(b)
= (feg)(a)b+a(fog)(b) = (g0 f)(a)b—algo f)(b)
= ([£, 9D)(@)b + a([f, g])(b)

as desired. Now, recall that the subspace of inner derivations Inn(A) C Der(A) is given by g, :
A — A for some a € A, and g, sends b € A to b+ [a,b] = ab — ba. It is easily verified that this is
a subspace; we check that it is closed under addition: for any x,y,b € A

(92 + 94)(b) = [, 0] + [, 0] = [+, b] = gary (1),

so  +y € Inn(A). Moreover, this is a Lie subalgebra of Der(A), since for all g,, g, € Inn(A4) and
a€ A,

(925 9y)(a) = (929y — 9y92)(a) = gz(gy(a)) — gy(gz(a))

[l‘, [Z/, a]] - [yv [737 CL]]
= [z, [y, a]] + [y, [a, z]]
= —la, [z,y]] = [[2,9], a] = gla,y)(a)

where the third and fifth equalities follow from the antisymmetry of the Lie bracket, and the fourth
from the Jacobi identity. Thus, g, ,) € Inn(A), implying Inn(A) is a Lie subalgebra of Der(A) and
hence Endy(A4).
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5 Double Brackets on T'(V)

5.1 Homogeneous Double Brackets on k|t

We begin by classifying the homogeneous double Poisson structures on k[t], i.e. the double Poisson
brackets for which the terms of {¢,¢} all have the same degree. For example, a third degree
homogeneous double Poisson structure on k[t] is of the form

{t,ty=at*@t+b* @t +ct @t +dl @t

for a,b,c,d € k.

Example 5.1. Degree 0. It is not difficult to see that there are no nontrivial degree-zero homo-
geneous double Poisson structures on A := k[t]; in fact there are no nontrivial double brackets on
this algebra. Suppose {—, —} is a double bracket on A. Then, for some q, € k,

{t,t} =al®1=-al®l=—-{tt}°,
which implies a = 0.

Example 5.2. Degree 1. Suppose {¢,t} = at ® 1 + b1 ® ¢ is a double Poisson structure on A.
Then, {t,t} = -t ®1—al @t = —{¢t,t}°, implying b = —a. It is not difficult to check that
{t,t} = at ® 1 — al @t satisfies the Double Jacobi identity for any a € k, so {¢,t} =t®@1 -1t
is the only degree-one double Poisson structure on A up to rescaling.

Example 5.3. Degree 2. It was checked the previous meeting that there are no nontivial, degree-
two double Poisson structures on A.

Example 5.4. Degree 3. This was assigned as homework. We show that the only degree-three
homogeneous, nontrivial double Poisson bracket on A is {t,t} = t?®t—t® 1% up to multiplication
by a scalar. Suppose {¢,t} is a double Poisson bracket on A of degree 3. Then, the bracket must
have the following form

{t,th =at? @1+ @t +ct@t* +dl @5
The antisymmetry of the double bracket implies that
{t,t} = —(d* @1 +ct? @t +bt@t* +al @ t7);
combining this with the above implies d = —a and ¢ = —b, so
{t,t}=at* @1 +02 @t - bt @1* —al @3

Now, by assumption, this bracket satisfies the double Jacobi identity, so we plug in, simplify, and
record what restrictions (if any) there are on a and b. It will be helpful to know the following:
{12} and {t,t3}. By repeated application of the Leibniz rule, we see that

{t, 2% = {t,t3t +t{t, t}
=at? @t+ b2t bt @t> —al @ t*
+at' @14+t - bt @t> —at @3
—at'@1—al @t + (a+ D)2 @t — (a + b)t @13,

{t, 3% = {t, 32 +t{t, 1>}
=at @+ 02t bttt —al @t
+at’ @1 —at@t* + (a+0)t* @t — (a+ b)t* @3
=at’ @1 —al @+ (a+D)t*' @t — (a+b)t@t* +at’ 1% — at®> @ t3.
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We are now ready to compute {¢, {¢,t} }r:
{t.{t, 13} = aft, P @1} +0ft,? @t} —bf{t,t @*}r —aft, 1 @ *}1
=aft,t’} @1 +0{t,’} @t —b{t,t} @1
=’ 2101 -d’10t°@1+ala+d)t* @t 1l —ala+dtat'®1
+at? @Rl -dPet’®l+at' @10t —al @t Dt
+b(a+ b @t@t—bla+ bt @t —abt’ @1t
—PP R+ VRt +abl @ 1P @ 7.
Now, we group these terms by their orbits under cyclic permutations of the tensors. For example,
a’t3®t?>®1 and abl ®t3 ®t2 would be in one group, whereas —a?t?®t>®1 and —abt® ® 1®t? would
be an another. Recall that the other terms of the double Jacobi identity are (123) o {t, {¢,t}} L
and (132) o {{¢t, {¢,t}} } 1; these are easily calculated from the above. Add the corresponding terms
from (123) o {t, {¢,t}} L and (132) o {¢, {¢,t} } L to each grouping, so if G is an orbit, we may set
gec 9 = 0, since we have assumed the double Jacobi identity. To make this concrete, we have,
as an example,

0=abt*@1®@t—ala+btot*®1
+abt@t* @1 —ala+b)1l@t®t!
+abl@t@t* —ala+b)t* @1t
=-dtet*el+lotet* +t*e1at).
Clearly, this implies ¢ = 0, so
{t{t, 133, =0 tt -0t Rt3t -t t? + bt 2t @ 12
Combining this with (123) o {¢, {¢,t} } - and (132) o {¢, {¢,t} } 1, we see that b can be any element

in k. Thus, {t,t} = bt? @t —bt®t2. Therefore, up to rescaling t? @t —t®t? is the only degree-three,
nontivial homogeneous double Poisson bracket on k[t].

Theorem 5.5. There are no nontrivial homogeneous-of-degree-n double Poisson brackets on k[t]
forn > 4.

Proof. We apply an approach similar to our work on the degree 3 case. Note that {¢,t} is of the

form S ‘
ft.th = > al et -t et
%<i§n
for a; € k for all . We outline this proof for the simple cases, mainly to illustrate that it is
doable for the most general case. So first assume {¢,t} = a(t” ® 1 — 1 ® t") and then that
{t,t} =b(tm @tm ! —tm=1 @ t™). We see that
£, 4ttt} =aft.t"} @1

Expanding everything out using the Leibniz rule, we see one of the terms in the expansion is
at"~2{t,t}t ® 1. From this, we select the term at?"~? ® ¢t ® 1 and group the elements in the above
that are in the orbit of at?” 2 ® t ® 1 under cyclic permutation of the tensors. From here, the
process is almost exactly the same as in Example 5.4. The other case is a bit more complicated.
If {t,t} = b(t™ @ t™~1 —t™~1 ® ™), then it is not difficult to see that

{6, 4,3 = b({t, tmF @™t — bf{t, ™) @ ™).
We expand out the first term of the difference:
b{t, ™} = b({t, tht" T+t TR 4 T )
=" @22 T g Pl
+ bt @ 2T pt™ @ 22
4 ptm 2 g 2med el g g 2m=3
+ .l gt _pPme2 g p2mel
— p2m—1 g gm—1 _ =1 t2m—17
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so it follows that
b{{t tm}} ® tm—l _ thm—l ® tm—l ® tm—l _ btm_l ® t2m—1 ® tm—l.
The other term of the difference can be computed similarly; it is
*b{t,tmil}} ® tm _ 7bt2m72 ® tmfl ® tm + btm71 ® t2m72 ® tm.
Therefore,
{{t, {tﬂf}}}L — bt2m_1 ® tm—l ® tm—l _ btm_l ® t2m—1 ® tm—l
— P2l @t 4t @ P2 @ ™.

From here, (123) o {¢t, {¢,t}}1 and (132) o {¢, {¢t, ¢t} }} 1 are easily computed. It is not too difficult
to see that the double Jacobi identity is satisfied only when m = 1 or m = 2, which is compatible
with our results above. O

5.2 Nonhomogeneous Double Brackets on k|t]

Let {—, —} be a nonhomogeneous double Poisson bracket on k[t], so that {—, —} is some linear
combination of homogeneous Poisson structures on k[t]. In other words,

{t,t} = al{{t,t}}l + aggt,t}}g + ...+ an{t,t}}n,

where {{t,t}; is a degree i homogeneous bracket. Then,

46t = D aa{t {t.t}) i @ {1}

1<i,5<n

Note that {t, {,t},}: @ {¢,t}/ has degree i +j — 1, so the term with the lowest degree is when
i = j = 1; the term with the highest is when ¢ = j = n. Since we are assuming {—, —} satisfies
the double Jacobi identity, elements of the same degree must cancel, since permuting the tensors
cyclically will not alter their degree. Thus, it follows that the brackets {—, —}}; and {—, -}, are
double Poisson, which tells us that n < 3 by the last section, since {—, —}}; is double Poisson for
¢t =1 and ¢ = 3. Therefore,

{tty=at@1-10t) +bE @t —tt*) +c(t* @t —t @ t?),

and {t,{t,t}} has terms of degree 1, 2, 3, 4, and 5. We already know that the degree 1 and 5
terms satisfy the double Jacobi identity and leave no restrictions on a, b, or ¢. For the degree 2
terms, we have ¢ = 1 and j = 2, and vice versa. When ¢ = 1, j = 2, then we get

ab{t,?} @1 =ab(t* @121 -ttt 1+ttt -1t ®1),
and when i = 2, j = 1, we get
ab{t,t}o @120 1=ab(t*®121-10t*®1).

It is not difficult to see that all of these degree 2 terms will cancel after adding the requisite cyclic
permutations of the tensors. For the degree 4 terms, the possible ¢ and j are 2 and 3. When ¢ = 3
and j = 2, we have

be({t, 2} @t —{t, t}o@t?) = be(t3 @10t —tRt2 Rt + 12 @t@t— 13Dt — > @1t + 1012 t?).
When ¢ = 2 and j = 3, then we have
be({t,*}301) =be(tP @t@1 -1+ 201 -t 1) =b(t’tel —tat?®1).

After adding the cyclically-permuted tensors, we see that all of the degree 4 terms cancel, again
leaving us with no restrictions on a, b, or ¢. The last and most time consuming case to check are
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the degree 3 tensors. There are three options for ¢ and j: it =1, j=3;:1=3,j=1;i=2 = j.
When ¢ = 1 and j = 3, the computation is simple:

acft,ths@l=ac®@t®l-tet*®1).
For i = 3 and j = 1, we see that

ac({t,?h ot —{t,th @t} =act@tet-10?t+? 1t
—ItRt—tR1IQEE+1t@t?)
=ac(-1 P t+2R10t—tR1t°+13t®t%);

for i = j = 2, we have
V({t,t*)21) =*t*etel -1et?el1+t?elel —tet?e1).

Note that the middle two terms in the above expression will cancel after permuting. Thus, we may
now follow the grouping procedure we applied previously, in which we group the tensors by their
orbits under cyclic permutations. We deal with one of these groups; the other is treated similarly.
Specifically, we have

—act @2 @1 -t @1 +at’ @1t +acl @t @

—act’ 1@t +acl@t@t* — (ac+ )t @t? @1,
SO

O=act’®1Q@t+acl @tRt* — (ac+ VN> @ 1
tat@t?@1+act?> @1t — (ac+ b1 @t 12
+acl @t@t* +act@t? @1 — (ac+ )P 1@t
=acl @t — Pt @1 +act’ @1t -0’1t +act@t* @1 -bV** 10t
=(ac— )P R1@t+ (ac— )1 @t @12 + (ac — BN x * @ 1,

which obviously implies ac — b> = 0. Thus, any nonhomogeneous double Poisson bracket on k|[t]
must be of the form

{tt}=at®@1-1@t)+bE Rt—t@t*) +tc(* @t —t @ 1)

where ac = b2. For a clearer and more complete version of this proof, see the paper by Powell.

5.3 Homogeneous Double Poisson Brackets on T'(V)

Notably, all of our work above has been restricted to k[t], which, of course, begs the question: what
about algebras with multiple generators? We consider the tensor algebra T'(V'), with 1, ..., x, as
a basis. This gets complicated pretty quickly, so we focus only on the degree 0 and degree 1 cases.
Suppose the double bracket defined on T'(V') is homogeneous of degree 0. Then,

{ziz;} =ayl®1l=—a;1®1=—{x;,2; }°, (2)

so we see that any homogeneous double Poisson bracket of degree 0 is completely determined by a
skew-symmetric matrix (note that the double Jacobi identity is satisfied trivially). If we consider
the classic example when T(V) = k{x,y), {z,2} = 0 = {y,y}, and {z,y} = 1 ® 1, it is not
difficult to see that the a;;’s given in (2), in this case, are determined by

5ol

The degree 1 case is far more complex. Here, we have

{zi,x;} = Zafjxk ®1-— bfjl ® xp = Z —b?ia:k ®1+ afil Q@ = —f{x;, 2 }°,
k=1 k=1
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SO
n
{zi,z;} = Zafjxk ®1-— a;?il ® Tk
k=1
Now, assume the bracket satisfies the double Jacobi identity so that it is double Poisson. Thus,
we have, for all i, j, k,

i, {zj, 2} 3 + (123) o Lz, {wp, s} Fr + (132) o {g, {xs, z; } 3 = 0.

Note that

{zi, {zj, z} = {xi,Zaika @l—apl@afr = Za?k{{xi,xs}} ® 1;

similarly,

(123) o fa;, fxn, 2.3} = Y apifay, 2.} @1,

and

(132) o {ai, {xi, z; } o = Zafj{{xk, rs )@ 1.
Therefore, we have

0= Za;kaﬁsxt ®lel- a;fka';il 1
s,t

+ aiiaﬁ-sl ®r @1 — aziaijl R1Q
+ afja};sl ®1®x — afja’;kg;t ®1®1.

This induces the following relations:
t s __ s t . t s __ s .t .
E Qs = E Qj;Qgk; E Ay = E QiG55
s,t s,t s,t s,t

and

t s __ s t
E Qs = § Ai;Qg5-
s,t s,t

If we consider s as a function of 4, j,k and ¢ as a function of 4, j, k, s, then we see that for each
relation we get an equivalent diagram. For example, the last relation implies

(In other words... “Doing” j and k first, and then 7 is the same as “doing” 7 and j first and then
k.) Thus if were to define an algebra structure on T'(V)) by z; * z; = 3 af;5, it would clearly be
associative, i.e. ; * (x; * ) = (x; * x;) * x. Therefore, we have a bijection between the set of
linear double Poisson structures on T'(V') and the set of nonunital associative algebra structures
onV.
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6 The Relationship Between Linear Double Poisson Struc-
tures on 7(V) and Associative Algebra Structures on V

6.1 Observations on k[z]

We first note that k[z] ® k[y] = k[x,y]. In fact, for any two polynomial algebras over k on n and
m generators respectively, their tensor product is isomorphic, as k-algebras, to the polynomial
algebra on m+n generators. However, as we shall see, the commutativity is vital; this fact will not
hold when the algebras are noncommutative, i.e. k{x1,y1) ® k(za,y2) 2 k(x1,y1,22,y2). We prove
this by applying the following universal property of tensor algebras. Let A, B, C' be commutative
k-algebras. Then, each algebra contains a copy of k, since for all A € k, A\1x € X for X € {4, B}.
Moreover, for each of A and B, there is a natural “inclusion” map ix : X - A® B for X € {4, B},
where i4(a) = a® 1 and ig(b) = 1 ® b. Now, given any two algebra homomorphisms f: A — C
and g : B — C, we let f ® g be the unique algebra homomorphism from A ® B — C' such that the
following diagram commutes:

Since we are working in the category of algebras, here we may assume all maps are algebra homo-
morphisms. It is not difficult to see that letting f ® g(a ® b) = f(a)g(b) gives us what we want;
here A® B is the coproduct of the diagram. We check that f ® g preserves multiplication: for any
a1 ®br,aa @by € AR B,

f®glar @by -az®by) = f ®g(araz @ biba) = f(ajaz)g(bibs)
= f(a1)f(az)g(b1)g(b2)
=f®gla1 ®@b1) - f®glag @ ba)

as desired, noting here the importance of commutativity in C. This can be applied to k[z] and
kly] by setting A = k[z], B = k[y|, and C = k[z, y], giving us the following diagram:

6.2 Linear Double Poissons on 7'(V)

We begin by recalling the fact that there exists a bijection between
{Linear Double Poissons on T'(V)} <— {(nonunital) associative algebra structures on V'}.

Supposing V' = span{z1,...,2,}, any double Poisson structure on T'(V') will be completely de-
termined by how it acts on generators. In other words, we have

{zi,x;} = Zafjxk ®14+ bfjl @z = —f{x;, 2 }°,
k

22



Bk — ok
so b;; = —aj;. Hence, we have

fzi 2} = Zafjxk ®1-— afil ® Tk,
k

so the double bracket is completely determined by the afj. Since we are assuming the bracket to
be double Poisson, it satisfies the Double Jacobi identity, which when fully worked out, gives the

following relations:
t s __ s t . t s __ s _t .
E AU = E Qi Agls E ApsQi; = E Qi Ggjs
s,t s,t s,t s,t

and

t s __ s t
E Q;sQjp = E A Qg
s,t s,t

(note that these relations are not really distinct—they are just cyclic permutations of each other;
we can reindex so that they are the same). Thinking of the bottom two indices as inputs; the top
as an output, we define a multiplication on V by

Ti*kTj = E afjacs.
S

It is not difficult to see that this multiplication is associative; this is induced by the relations
established above:

_ X s __ s . _ S t _ t s
xT; * (acj * {Ek) = T; * E ajk = E ajk:cl *Tg = E ajk E Q; Ty = E aisajkxt
s s s t s,t
_ s 1 _ s
= E aijaskxt = E aijxs * T
s,t s

= (z; * xj) * Tp.

Now, it can be shown that this construction may be done backwards: Starting with an associative
(nonunital) multiplication on V', we can find ajj; 1 <s<n for every x;, z; in the basis of V. Then,
we define a double bracket on {z1,...,z,} and extend to the entirety of T(V'). It is not difficult

to see that this recovers a double Poisson structure on T'(V).

6.3 A Lie-algebraic Analog

Recall the definition of a Lie algebra (see Section 4 for this material). Suppose g is a Lie algebra;
for a moment, forget about its Lie bracket. Then, we define Sym(g) to be the commutative free
algebra generated by g. We have the following property:

Proposition 6.1. Sym(g) is a Poisson algebra.
Proof. This is straightforward. Let {—, —} be defined by {z,y} = [z,y] for all z,y € g, where
[—, —] is the Lie bracket on g. Now extend using the Leibniz rule so that {—, —} is defined for all

of Sym(g). The other relevant axioms are satisfied trivially, so Sym(g) is indeed a Poisson algebra
as desired. O

Conversely, any linear Poisson bracket on Sym (V') for a vector space V may be restricted to obtain
a Lie bracket on V. In other words,

{z;,z;} = Z afjxk
k

gives us a Lie bracket on V' by restricting {z;,z;} to {z1,...,2,}. Thus, we get the following
bijective correspondence:

{Linear Poissons on Sym(V')} «— {Lie algebra structures on V'}.
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This classical result is well-known; this result and the one relating linear double Poissons to asso-
ciative algebra structures are clearly very similar. So, the natural question is: Is there a relation
between the above result and the one we recalled in the previous section? The relationship is
illustrated by the below diagram:

{Linear Double Poissons on T'(V)} ———— {Linear Poissons on Sym(V')}

I {7’7}T(V)m1 I

{Assoc. Algebra Structures on V'} e {Lie Algebra Structures on V'}

We note that the bijections in the left and right “columns” have already been shown. Moreover,
the lowermost arrow results from the fact that any associative algebra becomes a Lie algebra when
equpped with the commutator bracket. Finally, we note that if a bracket on T(V') is Double
Poisson, then a Linear Poisson structure is induced on Sym(V'). Here, Sym(V') can be constructed
by taking the quotient of T(V) be the ideal generated by elements of the form  ® y — y ® z. That
is, Sym(V) = T(V)yy. Thus, the Linear Poisson structure that the Double Poisson Bracket on
T(V) induces on T(V) can also be applied to T'(V')y, giving us the uppermost arrow in the above
diagram. We therefore have the following implications:

{Linear Double Poissons on T(V) = A} ————— {Linear Poissons on A4, }

I {_7_}T(V)hh I

{Associative Algebra Structures on V} ----------- » {Lie Algebra Structures on V,,}

In case n = 1, it is clear that for an (not necessarily unital) associative algebra structure on V, a
Lie algebra structure on V; can be induced by defining the Lie Bracket as the commutator. It has
been left as an exercise to determine if there is a systematic way for determining how an associative
algebra structure on V' gives a Lie Algebra structure on V,, for n > 1. In other words, find fourth
arrow marked with ? above. (Note here that this is an open ended question—there may or may
not be an interesting relation.)

6.4 Graded Algebras

Definition 6.2. A graded vector space is a k-vector space V such that
V=DV
iel

where I is some index set (usually Z or N; if I = N, we say V is nonnegative graded) and V; is a
k-vector space for all ¢ € I. So,if v € V, v =73 v;, v; € V; for all i. We say that the degree of v;,
denoted |v;], is i.

Definition 6.3. A graded algebra A is exactly what one would think. As a vector space, A is
graded; the grading is such that for all a; € A; and a; € A, a;a; € Aiy;.

Example 6.4. k[z] is a nonnegative graded algebra, with its grading being the degrees of the
standard basis vectors {1, z,2?,...}. Likewise, k[x,y] = k[z] ® k[y] is a nonnegative graded algebra,
where the homogeneous degree determines the grading.

Tt is not difficult to see that a grading on V gives a grading of T'(V). Moreover, if V and W are
graded algebras, there is a grading on V' ® W given by

V®W:@(i§2kw®wj).

For a double bracket of degree n, {—,—}}, we have a ® b — {a,b}. Clearly, a ® b has degree
|a| 4 |b]; the degree of {a,b} is |a| 4 |b| + n. See Section 7.1 for more on graded algebras.
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6.5 Products and Coproducts

If V is a graded vector space, so that V = @, V;, we have two sorts of linear dual spaces of V: V*
and @, V;*. In the second “dual space,” the elements are of the form ), f; for f; € V;* for finitely
many nonzero i, whereas any linear functional f € V* can be nonzero on all v; € V. In fact, we
have that @, V;* C [[, V;* = V*, so @@, V" is a graded linear dual space. In terms of category
theory, we see that the direct sum is a colimit, whereas the direct product is a limit. They can be
characterized by the following commutative diagrams:

Vi W Vi

fi 9k
4> %
|
|

Hi Vi EBk Vi

In the first diagram, W is a k-vector space, and each f; is a map W — V;. The m;’s are the
familiar projection maps. Now, F'is the map induced by the diagram, i.e. the map that makes the
diagram commute. It is not difficult to see that F(w) = (f1(w), fa(w),..., fu(w),...). As for the
second diagram, we have g : Vi, — W for all k, and ig : V}, — @k Vi being the natural inclusion
maps v — (0,...,v,0,...), where vy is in the kth spot. Similarly, G is the linear map making
the diagram commute; clearly G(vy,...,vx,0,...) = g(v1) + ... + g(vg). Note here that we have
avoided dealing with any tricky business involving infinite sums. As alluded to earlier, in this case
[L; Vi and @, Vi are, respectively, examples of a limit and colimit, which are category-theoretic
notions. Specifically, they are a product and coproduct (respectively). We work another easy
example of this, this time in the category of sets.

Example 6.5. Let A, B,C, D be sets, and let fx : C — X be maps for X € {4, B}, and let
T4, T be the natural projection maps from A x B to A and B respectively. Then there exists a
unique map F': C — A x B which makes the top half of the diagram below commute:

Q

X f-o---
Sy

\

3

A \

SR

&

Here, A x B is called the product of A and B, and is another example of a limit. Now, we deal
with the bottom half of the diagram. If gx : X — D are maps, where X € {A, B}, and if
ix : X = A]] B is the natural inlcusion map, then G : A[[ B — D is the unique map that makes
the bottom half of the diagram commute. Then, A]] B is called the coproduct of A and B, and
is an example of a colimit. Also, note that A B is, here, the disjoint union of A and B.
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7 Lie Brackets on V,, and More on Graded Algebras

7.1 Graded Algebras Continued

Suppose we have a graded algebra A. Note that its multiplication must be of degree 0: for a,, € A,,
am € Ay, we have, by definition, a,a,, € Apym. If Aand A" are graded k-algebras, and f: A — A’
an algebra homomorphism, then for all a,b € A, we have f(ab) = f(a)f(b). Recall that if | f|, the
degree of fm is m, then this means that f(A,) C A;,,. Hence, the lefthand side f(ab) = f(a)f(b)
has degree |a| + |b] + |f| whereas the righthand side has degree |a| + |b| + 2|f|. The degrees must
be equal, so |f| = 0 (note that char(k) # 2). Thus, if given a graded vector space V, in order to
define a multiplication structure on V, i.e. amap m : V ® V — V, we must ensure that it is of
degree 0. Recall that if V and W are graded vector spaces, then V ® W is also a graded vector
space. Thus, if given a bilinear map f: V@V — V of degree n (i.e. f((V@V)m) C Vitm), we
need to artificially adjust the degree of V so that f becomes a multiplication on V. To do this,
note that for all v@w € VoV, |[f(v® w)| = n+ |v| + |w|. Then, it is not difficult to see that
adding n to both sides gives

n+|fv@w)| = (jv] +n) + (jw] +n).

This is the new grading we want, as then f will have degree 0. In other words, if we change
the grading on V by adding n—this shift is denoted by V[n]—, we see that |v|new + |[Wlhew =
|f(v @ w)|pew- For example, if f is of degree 2, |v| = 3 and |w| = 4, then [f(v@w)|=7+2=09.
Shifting the grading by 2, we get f(v@w) =942 =11=5+6 = |v| + |w|. Thus, as a map from
VIn] @ V[n] — Vn], f is of degree 0 and thus can be thought of as a multiplication. Note here,
that changing the grading is completely superficial. In doing so, we do not alter in the slightest the
vector space itself or its elements; indeed, V' = V[n] as vector spaces. The difference is that V[n]
may be a graded algebra, whereas V' with the same structures may not, and vice versa. Consider
the following example:

Example 7.1. Let A = k[t]. This is a graded algebra, with the degree of the polynomials being
its nonnegative grading. Now, consider (k[t])[—1]. The following table gives the grading of the two
vector spaces.

Degree E[t] (k[t])[-1]
-1 1
0 1 x
1 T x2
2 x2 x>

Note here that k[t] = (k[t])[—1] as vector spaces, and (perhaps?) even as (ungraded) algebras.
However, as graded algebras they are obviously nonisomorphic, since (k[t])[—1] is not even a graded
algebra, since it has is no well-defined multiplication.

We also provide a more interesting geometric example of when we would need to perform this
grading “shift.”

Example 7.2. Suppose we are dealing with lines in R?, and want to define a multiplication in
terms of intersections. The grading on such a vector space might be the vector-space-dimension
of the object, so that lines have degree 1, points of degree 0. We want it so that given ¢; and /s,
{1 - £5 has the same degree as £ and {5. Clearly, intersecting two lines has degree —2, so by the
above, we need to shift our grading by two. Thus, lines have degree —1; points have degree —2.
Hence, taking ¢; - ¢5 gives us an element of degree —2 = |¢1] + |¢3| as desired.

7.2 Algebras, Double Poissons, Lie Algebras, and Poissons

Recall that before, our goal was to describe, explicitly, the map that makes this diagram commute:
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{Linear Double Poissons on T'(V) = A} ————— {Linear Poissons on A, }

I {==}r)y, I

{Associative Algebra Structures on V} ----------- s> {Lie Algebra Structures on V,,}.

?

To review, we know the dashed arrow exists since we may traverse the diagram starting from the
bottom left node and arriving at the bottom right one. However, to get such a map is complicated—
we must first take an associative algebra structure on V', get from it a linear Poisson structure on
T(V), which gives us a linear Poisson bracket on T'(V'),, that may be restricted to a Lie bracket on
Vi,—, hence why we want something simpler and just in terms of V and V,,. Next, once we have
found such a map, we most importantly want to find some sort of “interpretation” for it. In other
words, we want to describe it and explain why it exists without pulling a formula out of thin air
and proving that it works; instead we want to study it further and draw some deeper conclusions
about the structures on V' and V,, and how they are related. More specifically, we want to explain
the existence of the arrow in question without having to use the rest of the diagram. First, some

setup. Let V = span{z!,...,2™}, and suppose we have an associative algebra structure on V
given by
zozh = Zalﬁaﬂ.
¥
Given this structure on V', we may define a Lie bracket [—, —|V,, @ V,, — V,, by

g, o) = (2P )kj — Ok (2P
We will not prove that this is a Lie bracket directly, though it can be checked in this way. Thus,
we have our arrow—we may check that it is indeed the correct arrow—, and now we find a way to
interpret it.

One should immediately note the above bracket’s similarity to both the commutator bracket and the
Poisson bracket on A,, induced by a double Poisson structure on A by {z;;, 24} = {z, 2}, {z, 2 }7).
Recall that every associative algebra is also equipped with a Lie bracket (the commutator bracket)
for free. This will be helpful later. Now, we make the following claim: V @ M, (k)* = V,, as vector
spaces, where v @ E; — v;;. This is left to the reader to verify. Now, recall that if A and B are
algebras, A ® B is likewise an algebra. Thus, since V' is an algebra, if we defined a multiplication
on M, (k)*, V ® M,(k)* would also be an algebra. Then, this would induce an algebra structure
on V,,; from here we may define a Lie bracket using commutators. Thus, the crux of the problem
is finding a compatible algebra structure on M, (k)*. This is not as difficult as it sounds. Indeed,
since M, (k) is an algebra, and since M, (k) = M, (k)* by the map tr(E;;, —) = Ej;, there is a
bijective correspondence between the basis of M, (k) and its dual basis, under which E;; + E%;.
Using this correspondence and the multiplication in M, (k), we may define a multiplication in
M, (k)*:

E;jEZl — EjiElk = 5ilEjk — 5ilE]tj

EZlEjj A4 ElkEji = 5kjEli Ad 6kJEz*l

Thus, V,, 2V ® M, (k)* becomes an associative algebra, on which we have a Lie bracket via the
commutator bracket. In other words, we may define the following bracket on V,:

[y o) = afyag — wped; & (@ © B " © By) - (o7 © Bu)(=* © Bf)
=z2f ® E5Ey — P ® ELES
= xaxﬁ ® (SilEgj — xﬁxo‘ (4] 5kjE;‘kl > (5il(a?a.’];‘6)kj — 5kj(1}’8$a)il

as desired. Deriving the bracket this way, we glean much more information about the relationship
between V' and V,, and their corresponding structure. Notably, we may add the following step in
our commutative diagram:
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{Linear Double Poissons on T'(V) = A} {Linear Poissons on 4, }

! !

{Associative Algebra Structures on V'} {Lie Algebra Structures on V,,}

— ev-se

{Associative Algebra Structures on V,,}

{==}r)y,

where we first descend to a (potentially nonunital) associative algebra structure on V,,, and then
use the commutator bracket to induce a Lie bracket on V,,. Thus, we have our interpretation of
the bracket.

7.3 Another Lie Bracket

There are other ways for associative algebra structures on V' to induce Lie brackets on V,,. For
example,

g, 2] = (2%aP)i; — (@2 = —((@P) 0 = (2°2%)s5) = — [y, 25y]
is another bracket we could study. While this one is less interesting than the one defined above
(for example, it does not make the diagram commute as desired), we may still ask questions about
its interpretation, just as we did in the above. What is perhaps trickiest about this bracket is
proving its well-definedness. When going back and forth between V' and V,,, we need to make
sure our bracket is behaving in the way we would like it to and that we do not pick up anything
fishy along the way. For example, we verify that the bracket is indeed bilinear, and that it is a
Lie bracket. Bilinearity is not difficult to show, partly because we have defined the bracket on a
basis and extended bilinearly. But, in order to verify that the bracket is well-defined, we check it
anyways:

(285, 2y, + 2] = 25, 2] + (28, )]

= (l‘alﬁ)ij — (.Z‘BIIJQ)]C[ + (l‘al"y)i]‘ — (I’YIQ)M
(2 (27 +27))iy — (& + 27)2z%)

=[5}, (1:5 + 27 k]

(note that if we used ), instead of z},, this check is trivial). Now, we show that the bracket
satisfies the Jacobi identity. Straight computation shows that:

[, [, 2] = (@%2P27)y; — (@P27 2% — (2%272P )y + (272P2%)
[z, [0l 28] = (27272%) 1 — (272%07) 5 — (272%27 )3 + (%27 2P);

(22, [y, 2] = (@72 ) — (2%P27)i; — (27272) o0 + (@722 s

Hence, the Jacobi identity is satisfied.

In doing these direct checks, we should be able to convince ourselves that this is truly a Lie bracket
induced by an associative algebra structure on V. Next, we should try to apply the same line of
thinking as above to explain the existence of this bracket. Is there a multiplication on M, (k)*
that induces an associative algebra structure on V,, that, through the commutator bracket, gives
the above bracket? If so, we would have, in V' ® M, (k)*,

(2 ® Bj)(2” @ By) — (27 @ Ejy)(2a* @ Ey),

which clearly forces EY; - By, := E7;. Thus, we must check that this is a multiplication; if so, we
will have found an “interpretation” for this bracket that is very similar to our explanation of the
first bracket we studied. Unfortunately, this is not the case, since this multiplication is obviously
not bilinear:

Eijx (Ey + Ey) = B, (2Ey) = Ej; # Ej; + B, = Ej By + B Eyy.
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This is, in part, why we were so careful earlier with checking that this is a Lie bracket—it seems
strange that it is not induced by a multiplication structure on M, (k)*; upon seeing this, one
should stop to first check if we have made a mistake, and then try to find an explanation for this
oddity. Of course, if V and W are k-vector spaces, not all algebra structures on V' ® W are induced
by individual algebra structures on V ® W. Indeed, it may be the case that V and W have no
algebra structure, but that V ® W does. Thus, the bracket may be induced by a multiplication
on V ® M,(k)*, where there is no well-defined multiplication on M, (k)* that we can recover.
Note that (a1 ® 1)(az ® 1) is not necessarily in A ® 1. Thus, we check if the following defines a
multiplication on V' ® M, (k)*:

(v @ cE)(w @ d Ey) = o (vw @ Ej).

If this is a well-defined multiplication on V' ® M, (k)*, then clearly it induces the Lie bracket in
question. (I think this multiplication works, but will spend more time trying to break it!)
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8 Free Lie Algebras and the Universal Enveloping Algebra

8.1 An Example Of a Graded Algebra

We discuss further our geometric example of a graded algebra. Consider two lines in R? given
by the kernel of ax 4+ by and cx + dy. Recall from linear algebra that dimker; = 2 — rank; and
dim kery, = 2 — ranks, and that

dimkeriqs = 2 — (2 — ranky ) — (2 — rank; ) = dim ker; + dim kery —2.

Thus, if we want our “multiplication” of two lines to be given by the intersection of the lines,
clearly we have an operation of degree —2—the dimension of the kernel of the two lines is 1, and
the dimension the kernel of their intersection is 0, so the lines have degree 1 whereas their product
has degree 0 instead of degree 2. Thus, we shift the grading of the whole space by 2 so that

dim kerins —2 = dim ker; —2 + dim kery —2,

which makes sense. Now, our multiplication is of degree 0.

8.2 More on V,,

It turns out that the bracket on V,, we discussed towards the end of the previous section is induced
by a multiplication on M, (k)*. First, recall the definition of the bracket:

(285, 2] == (2%27)5; — (2P 1),
which in V' ® M,,(k)* corresponds to
2% © Bfj, 27 ® By = (¢%2°) © Bf; — (272%) ® Ej.
The mistake we made was this: Ej;E}, := EY; is not the same as XY = X for any X,Y in the
vector space. Recall that a multiplication on M} is a linear map m : M} ® M} — M}; to define
such a map, we just need the images of basis vectors. We see that EJ; ® E}; — EJ; is indeed such a

linear map, but that it is not equivalent to XY = X for all X, Y € M. Suppose z = E;, y = Ej;.
Clearly,

(az + by)(cx + dy) = acx® + adxy + beyzx + bdy* = acx + adx + bey + bdy = (azx + by)(c + d),

which is obviously not equal to (axz + by). So we did get a multiplication structure on M after
alll Recall that this gives an algebra structure on V,, 2 V ® M, (k)*, on which we may use
the commutator bracket to define a Lie algebra structure on V,,. However, this case is not very
interesting, mainly because it has nothing to do with linear double Poisson brackets on T(V') and
linear Poisson brackets on Sym(V'), but also because the multiplication on M is entirely reliant
on the standard basis of M.

8.3 Semidirect Products

In this section, we return to group theory for an introduction to semidirect products. First, recall
the definition of a direct product of groups:

Definition 8.1. Let G, H be groups. The direct product of G and H is the group whose underlying
set is G x H and whose multiplication is given by (g1, h1)(g2, ha) := (9192, h1hs) for all g1,92 € G
and hy, he € H. It is left to the reader to verify that G x H with this operation is indeed a group.

Note that both G and H may be embedded into G x H via the maps g — (g,1) and h — (1, h).
Moreover, the subgroups (G, 1) and (1, H) are normal. For example,

(91, 1) (g, 1) (g1, )" = (g1997 " hh ") = (1997 1) € (G, 1).
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Thus, G,H <Gx H. Let N, N' < G, where G is a group. Because N is normal, there is a G-action
by conjugation on N. Restricting this to N, we get N’ ~ N, i.e. we have a group homomorphism
¢: N' — (N) (it is easy to convince oneself that these are the same thing).

Definition 8.2. Let G and H be groups, and suppose H ~ G by the homomorphism ¢ : H — (G).
Then, the semidirect product of G and H, denoted Gx H, is defined to be the group with underlying
set G x H and with

(91, h1)(g2, h2) = (g16(h1)g2, h1ha)

as its binary operation.

It is left to the reader to show that G x H is indeed a group (Hint: let (g,h) ™t = (¢(h)~tg~t, h71)).
Note that if H ~ G trivially, then G x H = G x H, so semidirect products are indeed a general-
ization of direct products. Moreover, it is easy to see that G and H are still embedded in G x H
by (G, 1) and (1, H) respectively, but note that only (G, 1) is normal:

(,9) (9, )(z, )" = (z,9) (9, )(¢(y) "2~y ") = ((y)gz",1) € (G, 1),

whereas
(z,9) (1, M) (e(y) 'z~ y™) = (xo(y)o(y)p(R)p(y) 'z~ yhy 1),

which may not be in (1, H). We conclude this section with an example:

Example 8.3. Consider the dihedral group of order 8, Dy. Recall that Z,4,Zs are subroups of Dy
but that Dy % Z4 x Zo. However, letting Zo ~ Zy by h-g — g~ for g € Z4 and 0 # h € Zs,
we have that Dy & Zy x Zo (verify this!). In fact, it can be shown (we will not), that if N < G is
normal, and if there exists a map such that G/N — G so that G/N is isomorphic to a subgroup
of G, then G 2 G/N x N. In the case of Dy, Zs is normal, so Dy = Dy /7o X Lo = Ly X Zo.

8.4 Modules and Representations

Recall that given a group G and a set S, a group action of G on S is a homomorphism ¢ : G — (.9),
where (S) is the set of bijections S — S. If S has extra structure and is a vector space over k,
then a “linear action,” or group representation, is a homomorphism ¢ : G = (V) = GL, (k).

If A is a k-algebra, recall that an A-module M is an abelian group (M, +) along with an A-
action on M given by an algebra homomorphism ¢ : A — Endy(M). Thus, we have a bijection
between the set of A-module structures on M and the set of homomorphisms from A — Endy(M).

Similarly, if g is a Lie algebra, a g-module is a vector space V along with a Lie algebra homo-
morphism ¢ : g — Hompe(g, Endi(V)) (recall that Endg (V') is a Lie algebra via the commutator
bracket). If g,h € g and v € V, this corresponds to

[g, h]Jv = ghv — hgv.

The trivial action on V is given by g-v := 0 for all g € g, v € V. Moreover, note that g becomes
a g-module by the action given by g - ¢’ := [g,¢’]. The Jacobi identity implies that

(91-92) - 93 = 91, 92] - 93 = [[91. 92), 93] = [91. [92, 93] — [92[91. 93]].

Now, for algebras, recall that we must distinguish between left and right actions. However, with
groups, we see that given a left action G ~ S, we may define a right action in the following way:

forallge G, s€ S,

s-g=g7" s,

where on the right-hand side of the equation, g~ ! acts on s using the pre-defined left action we

supposedly have. Verifying this is a right action is easy. Obviously, 1 acts as the identity; it is easy
to see that for g, h € G,

s-(gh) = (gh) 's=h"lgls=h" (s-g) = (s-g)-h
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as desired. We may show a similar result for Lie algebra modules. Let g be a Lie algebra. It is not
difficult to notice that the condition for a right g-action is as follows: for all /;,lo € g and v € V|,

v - [ll,lg] = (’Ull)lg — (Ulg)ll.

Now, suppose that V is a left g-module. Just as in the group case, the question is: can we make V'
into a right module given a left action of g on V7 The answer to the question can be found using
the skew-symmetry of the Lie bracket on g. Since we have a left action of g on V', define a right
action by vcotl = —[-v for all v € V and [ € g. Then, note that

(O [ll,lg] = —[11712} U= —(h(lg’v) — lg(ll’U» = —((Ulg)ll — (’Ulg)lg) = (Ull)lg — (’Ulg)ll,

which by the above is exactly the condition for a right g-action. Thus, there is no need to distinguish
between left and right g-actions.

8.5 The Free Lie Algebra

Definition 8.4. Let V be a k-vector space. The free Lie algebra £(V') generated by V is defined
by the following process: View L£(V') as a subspace of T'(V') and define a bracket on T'(V) by

[z,y] =2y -y

(what are the quantifiers here? are x and y any elements of T'(V)? or just generators?) Let L£(V)
be the smallest Lie subalgebra of T'(V') containing V.

For example,
[z,9],2] = (z@y-—y@z)®2-20 (x@y—y®z) € LV),

but z ® y is not. The fact that z ® y & L(V') is implied by the following proposition.

Proposition 8.5. Let L(V), denote the free Lie algebra of length n. If v € V" and p :=
[...[[=,=),—].-] (there are n slots), then x € L(V),, if and only if p(x) = nx.

Before we present a proof, note that this implies 2 ® y & L(V)2 and thus not in L£(V), since
wrey)=lzyl=r0y—yes#ir0y.

Proof. The ( <= ) direction is easy: if ju(z) = nx, then x = L u(x) € L(V), as desired. The other

n
direction is trickier... O

We work out the n = 3 case by computing p([[z,y], 2]). It is not difficult that
w([z, v, 2]) = plzyz) — plyzz) — plzzy) + pzyz),
where we have dropped the tensor notation for convenience. Some computation shows that we get
u({[2,y], 2]) = 3(ayz — yrz — 2wy + zyx) = 3z, y], 2]
as desired.
We also have the following nice universal property for free Lie algebras:
Proposition 8.6. Let g be a Lie algebra and V' a vector space, both over a field k. Then,

Homy(V, g) 2 Homp.(L(V), g)

Note that when dim V' =1, £L(V) = k, but when dim V' = 2, £(V') is huge!

32



8.6 The Universal Enveloping Algebra

We now develop the notion of the Universal Enveloping Algebra. Informally, the universal envel-
oping algebra connects representations of algebras to representations of Lie algebras. If g is a Lie
algebra, the universal enveloping algebra of g, denoted Uy is the freest associative algebra such that
there exists a Lie algebra embedding from g — Uy. Moreover, the Lie algebra representations of g
are in bijection with the associative algebra representations of Ug; we have Rep,(g) = Rep,(Uy).
More formally, the definition is as follows:

Definition 8.7. Let g be a Lie algebra over k. The universal enveloping algebra of g is defined by

Ug:=T(g)/(z@y—y@x— [z,9]).

In other words, it is the quotient of the tensor algebra T'(g) by the two sided ideal generated by
TRy -y —[z,y)

It is easy to see that g embeds into Uy as a Lie subalgebra via the map ¢ : g — Uy, t(z) = z.
Then, «([z,y]) =z @y —y @z = [t(x),t(y)] as desired. Now, we show that for any algebra A,
Homyio(g, A) & HomAlg(Ug7 A). If f e Hom i (Ug, A), then because associative algebras are also
Lie algebras with the commutator bracket, f € Homp,;e(Uyg, A), so for € Hompe(g, A). Conversely,
if h € Hompe(g, A), then h is also a linear map; thus h € Homg(g, A). By the universal property
of tensor algebras, we may extend h to T'(h) € Homais(T'(g), A). Now, the end goal is to show
that T'(h) may be applied to Uy, thus giving us a homomorphism Uy — A. To show that T'(h) as
a function on Uy is well-defined, we only need to show that

T(h)(z®y—y®z—[r,y]) =0.
This is easy:
T(h)(z®y—y@x—[z,y]) = Mx)h(y) = h(y)h(z) — bz, y]) = [b(2), h(y)] = [A(z), h(y)] = 0,

where the second equality follows because h is a Lie algebra homomorphism. Thus, we have
T(h) € Homaig(Ug, A) as desired. We leave it to the reader to show that these constructions are
inverse to each other. In other words, we have the following commutative diagram:

[

Ug

A

Note that in the above diagram, the arrows with source g are Lie algebra homomorphisms, whereas
the rightmost arrow is an associative algebra homomorphism. It follows that the Lie algebra
representations of g are in bijection with the associative algebra representations of Uy; we have
Rep, (g) = Rep, (Uy). Recall that this is exactly the motivation behind the development of the
universal enveloping algebra, so we have achieved what we set out to do.
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9 More on the Free Lie Algebra and the Universal Envel-
oping Algebra

9.1 SL, and sl,

In this section, we explain the seemingly mysterious connection between the matrices with determ-
inant 1 and those with trace 0. In other words, we examine the relationship between SL,, and sl,,.
Recall that each Lie algebra corresponds to a linear group. For example,
gl < GL, CR"
sl, «— SL,
spy, —— SPyy,

(note: GL,, is open in R”Q). Surprisingly, each of the linear groups is quite geometric in nature
(e.g. SUy is the 3-sphere S3; Uy is homeomorphic to S% x S'). It turns out that given a matrix
group G, the tangent space of G at I is the Lie algebra of the group. Thus, we want to study this
space; by extension we want to study I 4+ tA. For any matrix A, note that I + tA will be in GL,
for ¢ sufficiently small, since GL,, is open. Hence, A is in the tangent space of GL,, at I, since
o(t) := I + tA evaluated at 0 gives I, and ¢'(0) = A. Now, recall the following identity:

det(I + tA) = det(A)t" + ... + tr(A)t + 1.

This will be useful soon. As above I +tA is “locally” in SL,. To study the tangent space at I,
we want to study the derivatives of the paths that go through I. We have

det(A+tI) =1 =det(A)t" +... +tr(A)t + 1;

taking the derivative and evaluating at ¢t = 0 gives 0 = tr(A4). Thus, the Lie algebra of the special
linear group SL,, consists of the trace 0 matrices, which is exactly our previous definition of sl,,.

9.2 The Universal Enveloping Algebra

Recall the definition of the universal enveloping algebra. If g is a Lie algebra, then Uy := T'(g)/(z®
y—y®ax— [z,y]) for z,y € g. Moreover, recall that the key property of the universal enveloping
algebra is that Homy,e(g, A) = Homas(Uyg, A). Letting A = gl (k), we have

Rep,, (g) = Homyie (g, g1, (k)) = Homag(Ug, My (k)) = Rep,, (Uy).
Example 9.1. We study the following cases—when g is the freest and when g is the most restricted.
In other words, we study Uy when g is abelian and when it is free. When it is abelian, [z,y] = 0
for all z,y € g, so Uy = T(g)/(x ® y — y @ z). In other words, z @ y = y ® x, so Uy = Sym(g).
When g = L(V), Uy = T(V), since
Hompie (£(V), A) = Homy(V, A) =2 Homai(T(V), A),

where the first equality follows from the universal property of the free Lie algebra.

Also, we have the following theorem, often called the “PBW Theorem.”
Theorem 9.2 (Poincaré-Birkhoff-Witt). As vector spaces, Sym(g) = U,.

While T'(g) is graded, Uy is not. But we get a filtration, where Uggp denotes the words in Uy of
length less than or equal to p. Thus, Uggp7 Uggq - UgSerq. Moreover, we see that Sym?(g), the
words in Sym(g) of length p, is such that Sym”(Uy) = Uggp/Uggp_l. Thus, we have
Sym(g) = U /U~ 2 U,.
P

It actually turns out that Sym(g) = Uy as Lie g-modules, given by the map from Sym(g) — Uy
such that

1
Ty o zé; o(r1® - ®xp).
gESy
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9.3 Comultiplication on U,

Recall the definition of comultiplication on an algebra. We may define a compultiplication structure
A:T(V)—=T(V)®T(V) given by A(v) = v®1+1®w for all v € V and extending multiplicatively.
Thus,

A(UlUQ) = A(’Ul)A('UQ) = (’Ul ®1+1 ®U1)(U2®1+1®02) = 1)1?)2@14—'[}1 R Vo +v2 QU +1®Ul’l)2.

This comultiplication structure on is coassociative, which is defined as follows: Recall the definition
of associativity. An operation is associative if (ab)c = a(bc) for all possible elements. In other words,
we have the following commutative diagram:

A9 AR A 9% Ag A

p,®idJ/ J{M

ARA ———— A

Thus, just as comultiplication (see the diagram on the right) is given by the “inverse” of the
diagram on the left

A At A C-2,00C

coassociativity is defined in an analogous way. In other words, if a comultiplication is coassociative,
the following diagram is commutative:

CoCeC <% cgC

awid] la

CRC——F—C

Now, we expand out A(viv9v3) and make some observations. Easy computation shows

A(’Ulvgvg) = 010203 ® 1 4+ 1113 ® V3 + V1V3 ® V2 + V1 ® VaU3
+ vov3 @ V1 + Vg ® V1U3 + V3 R V1V + 1 ® v1VvV3.

Notice that permuting the tensors in the above expression leaves it unchanged. In other words, it
is cocommutative: (12)A = A. Moreover, note that A(v; - --v,) will have 2™ terms, and that the
v;’s are always in ascending order.

9.4 The Free Lie Algebra Continued

Recall the following lemma from Section 8:

Proposition 9.3. Let L(V), denote the free Lie algebra of length n. If x € V" and p :=
[...[[-,—=],—]-..] (there are n slots), then x € L(V ), if and only if u(x) = nx.

In the following we prove this proposition, which requires some work. First, we give the definition

of a (p, q)-shuffle.

Definition 9.4. Let 0 € Sp44. 0 is a (p, ¢)-shuffle if the following conditions are met:

o(1) <o(2) <...<oa(p); oclp+1)<olp+2)<...<0(q).

Performing a “riffle” or “waterfall” shuffle on a deck of cards can perhaps make this definition more
intuitive to the reader. Note that o is entirely determined by where o(1),...,0(p) are mapped to.
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Thus, there are (p ;q) possible (p, ¢)-shuffles.

Looking more carefully at the n = 3 case will help provide more intuition for the following state-
ment. We see that if n = p + g,

Avy--vp) = Z (Vo(1) "+ Va(p)) @ (Vo(p+1) " Vo(ptq))
(p,q)-shuffles

We now state and prove two helpful lemmas.

Lemma 9.5. Suppose V is a k-vector space and that x € L(V). Then A(x) =2 ®1+1®z, where
A is the comultiplication on T(V') defined above.

Proof. Tt is enough to check that A([y, z]) = [y,2] ® 1 + 1 ® [y, 2] for y,z € V, by the definition of
free Lie algebra. Clearly,

A(ly, 2]) = A(yz — zy) = Ayz) — A(zy)
= A(y)A(z) — A(2)Aly)
=yzR1+yYRz4+20y+1Q0yz—(2yR1+2Q0y+yRz+1RQ 2y)
=yzR14+1Qyz—2y®1-1Q2y=[y,2] @1+ 1R [y, 2]

as desired. O
Now define v : T(V) — L(V), where y(v1,...,v,) = [---[[v1,v2],v3], -, 0], ¥(v) = v and

v(1) = 0. Then, if x € T(V), v € V, v(z,v) = [z,v]. We now present the second lemma we will
need:

Lemma 9.6. Let x € T"(V) (i.e. a tensor of length n). Then, po (id ®7y) o A(z) = nz.

Proof. We use induction on n. If n = 0, A(1) =1® 1 so that po (id®v)(1®1) = u(1®0) = 0.
Ifn=1 Alv)=v®1+1®wv. So, we have po (id®y) o A(v) = pu(v ® 0) + (1 ® v) = v. Now,
assume the claim is true for some n — 1, n > 1. Let © = vy - - - v,,. We have

Alx) =Avy - vp) = Avy -+ vp—1)A(vp)
= <v1~~vn,1®1+Zai®bi)(vn®l+1®vn)

=010, @14+ Y a4 @b+ o1 v 1 ® L+ ) a; @ bivy,
i %

7

where b; € T(v)Z!. By hypothesis we have
Zai'Y(bi) =po(id®@y)oAwy -+ vp—1) =(n—1)vy - vy 1.
The first equality in the above is a consequence of the following. Recall

A(Ul"'vn—l) = Z (Ua(l)"'va(p))®(U0(p+1)"'va(p+q)) =V1°""Un-1 ®1+Zaz®bz
(p,q)-shuffles

for b; € T(V)Z'. Applying id @7 will eliminate the first term after applying y, so we may ignore it
and are left with (id ®y)oA(vy - vp—1) = > a; ®7(b;). Applying u gives us the desired expression.
Thus,

1o (id®7) 0 Ad) = 3 aivay(b) + 01 v + 3 aiy(bi, va)

= Z aivpY(bi) +v1- - vn + Z aiy(bi)vn — aivny(b;)

=v1- v, +(n—1Dv- v, =nx
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Finally, we prove the following theorem:

Theorem 9.7. If x € T™(V), then the following are equivalent:

1. x e L(V);

2. Az)=z®1-1Qx

3. y(x) =nx
Proof. Clearly, (1) = (2) follows from Lemma 9.5, and (2) = (3) follows from Lemmas 9.5
and 9.6. The final implication (3) = (1) follows by rewriting z = +v(x). O
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10 More on Comultiplication

We first begin with some motivation. By the PBW Theorem, we have that
T(V) = U(L(V)) = P Sym”(L(V)).
p=0

Moreover, for each p we have an injective map Sym?(L(V)) — T(V) given by z1---z, —
> ses, Lo(xy---xp), where z; € L(V). Now how do we describe this decomposition? We turn
again to the concept of comultiplication.

10.1 n-fold Comultiplication

Just as associativity allows us to define n-fold multiplication on an algebra, we may analogously
define an n-fold comultiplication for a coassociative coalgebra with comultiplication A. We do so
inductively:

A? = A A®.C 00
A = (A ®id)A = (ild®A)A A® 0 — 0®3
AM = (A®id...®id)A""D A - B

Note here that (A ® id)A = (id ®A)A because A is coassociative. Recall the comultiplication we

defined on T'(V), where A(v) :=v® 1+ 1® v for v € V. We see how this n-fold multiplication is

realized on A : T(V) - T(V)@T(V):

)=vR1+1®v

AP =AW)1+A1)R1=101014+10v1+1Q1Qv
)=r11014+1v101+1010vRl+10101®v

AM@) =Y ovele...al),
=0

where o = (1---n) € S,,. Now, recall that A(ab) = A(a)A(d) for a,b € T(V). Thus, the natural
question is this: is A multiplicative as well? We check it for the n = 3 case. It is not difficult to
see that for v,w € V A®) (v)A®) (w) has 9 terms, since each of A®) (v) and A®)(w) have 3 terms.
Moreover, it is not difficult to check that

AB) () = (A ®id)A(vw) = (A@id)(vw @1 +v@w+w v+ 1 ®vw)
=RlI®1I+1v101+wr1+1Qrel+r®1lQw
+1uvuw+twRlerv+1l1uwr+1®1Qvw.
Combinatorically, the above gives all the possible ways to arrange v and w into — ® — ® —, where
I’s are used to denote an empty slot. And since A(3)(v)A®)(w) has 9 terms, none of which may

be combined, then clearly A®) (vw) = A®)(v)AG)(w). For a less combinatoric argument, take
arbitrary a,b € and see that

(A ®id)A(ab) = (A ®id)(A(a)A(b)) = (A @id)A(a)(A @ id)A(b).

The last equality in the above follows because why??? We may also use the “prime” notation to
prove the above, where A(a) is denoted by a’ ® a”, but this gets confusing quickly. Thus, having
proved the multiplicativity of A for n = 3, we may use induction for the arbitrary case:

A (ab) = (Axid) A D (ab) = (A®Id) AV (a)Aln — 1)(b) = (Axid) AT Y (a)(Axid) AT (b).
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Thus, our above computation allows us to see that our n-fold comultiplication A may be generalized
to arbitrary elements of T(V). It can easily be shown (this should come as no surprise) that
A®)(y; - v,) has p" terms. Importantly, we note that in £(V) all of these results will hold, since
Alz)=z@1+1®@x for x € L(V).

10.2 Another Description of £(V)

Given what we developed above, we may find a new way of looking at £(V'). Define a linear map
W T(V) A7 rvyer oy Ty,

Note that ¢P(x) = px for all x € L(V), so the free Lie algebra of V is in the eigenspace of .
Clearly, ! is the identity on £(V). Moreover, given x1 - - - x,, € Sym™(L(V)), applying 1? to the
symmetrization % Y ves, To(1) " To(n) Of T1 -+ Ty gives

1 p"
¢P<n' Z wa(l) xo‘(ﬂ,)) — m Z xa(l) xo‘(n)

" o€S, oESy

We demonstrate this with p = 3 and n = 2. We calculated A(3)(vw) above, so applying u gives us
Y3 (vw) = 6vw + 3wv. Thus ¥? corresponds to 6id +3(12) in £S,,. The symmetrization of vw in

kS, is £ id+3(12), so applying one after the other we get
(6id +3(12)) (2 id +1(12)) = §id +3(12) = 9($ id +1(12))

as desired. Likewise, there is a way to represent ¥? in kS,, for arbitrary p and n. To summarize,
we have the following sequence of isomorphisms, where F, denotes the eigenspace of 9P with
eigenvalue p™:

P sym™(L(V) = T(V) = P En.
Lastly, we make the following note: we may also define a “shuffle multiplication” on T(V), given
by

(Ul...fun)®(rvn+1...vn+m)|_) Z U(Ul...ynvn+1...fvn+m).
oe{(n,m)-shuffles}

Just as our concatenation multiplication corresponds to our shuffle comultiplication, the above
shuffle multiplication corresponds to a “deconcatenation multiplication,” where

Alvw) =1Q@vw+vQw+vw 1.

Results analogous to the ones proved in the preceding sections may be developed in a similar way.

10.3 Direct Sums and Semidirect Sums of Lie Algebras

Finally we develop the notion of direct and semidirect sums of Lie algebras.

Definition 10.1. Let g, h be Lie algebras. The direct sum of g and b is the Lie algebra g ® § with
g @ b (as vector spaces) as its underlying space and bracket given by

(91, 1), (92, h2)] := ([91, g2lg, [I1, Palp).-

It is not difficult to show that this is indeed a Lie algebra—it is probably a good exercise to prove
it is such.

Now, note that g embeds into g ® b by g — (g,0); the same can be said for h using an analogous
argument. Thus, g and § are Lie subalgebras of g & §. Moreover,

[(91,0); (92; h)] €gD 07

for any (g2,h) € g® b, so g is a Lie ideal of g @ h. So is h. Before defining a semidirect sum of Lie
algebras, recall the definition of Der(g):
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Definition 10.2. A derivation of g is a function ¢ € Endg(g) such that ¢([z,y]) = [¢(x),y] +
[, ¢(y)] for all z,y € g. The set of all such derivations is denoted Der(g). Moreover, as an exercise,
show that Der(g) is a Lie subalgebra of Endk(g) (the Lie algebra of Lie algebra homomorphisms

g—9)

Now, for the definition of a semidirect sum, we first turn to the following motivation. Just as only
G is a normal subgroup in the semidirect product G x H (recall H is not), we want our semidirect
sum to be such that only one of g, b is an ideal. The question is, how do we define such a bracket?
Note that we have

[91 + P, 92 + ha] = [g91, g2] + [h1, g2] — [h2, g1] + [ha, ha]

if g b is an internal direct sum of Lie subalgebras. If there is the adjoint action h ~ g, where
h-g:=[h,g] € g, the first three terms of the right-hand-side equation are all in g, whereas the last
term is in h. Hence, semidirect sums are defined thusly:

Definition 10.3. Let ¢ : h — Der(g) be a Lie algebra homomorphism. The semidirect sum g &4 b
is the Lie algebra with underlying vector space g @ h and bracket given by

[(91,h1), (92, h2)] = ([91, g2] + é(h1)(g2) — é(h2)g1, [h1, ha]).

Clearly, if h ~ g trivially (i.e. ¢ =0), the g B, h = g h. Moreover, it is easy to see that while g
and b are Lie subalgebras of g @4 b, only g is a Lie ideal, as desired:

[(9,0), (g, h)] = ([9,9],0) € g® 0.

As an exercise, determine the universal enveloping algebra of g & b.
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11 Derived Poisson Structures

11.1 The Universal Enveloping Algebra of a Direct Sum

In this section, we show that U(g®h) = U(g) @ U(h). At first, the natural guess might be to think
that U(g @ b) = U(g) @ U(h). But, this is not true; we may see this by considering k£ @ k. In this
case, since k is commutative U(k) = Sym(k), and Sym(k) = k[z], and Sym(k @ k) = k[z,y]. It is
not difficult to see that k[x,y] 2 k[z]® k[y]. To show that U(g®h) = U(g) @U(h), we invoke a few
universal properties. Firstly, we invoke the universal property of universal enveloping algebras. It
is not so hard to see that g @ b embeds into U(g) ® U(h); there is a Lie algebra homomorphism
between the two. This induces an algebra homomorphism between U(g @ h) and U(g) @ U(h). In
other words, we have the following commutative diagram:

goh —— Ulg) x U(b)

l@b/

The diagonal arrow is given by g — g ® 1, h — 1 ® h, and gh — g ® h. Now, we also have that
U(g) = U(g®b) <> U(h). This induces a bilinear map U(g) x U(h) — U(g ¢ b) under which
g g, h— h, and g®h — gh. On generators, the maps we have found are inverses, which implies
an isomorphism between U(g @ b) and U(g) ® U(h). However, note that it is not necessarily the
case that T(V e W) =T(V) @ T(W).

11.2 Chain Complexes, Homology, and DGA’s

Our work with U(g) begs the question: given a Lie algebra g, can we find a double Poisson bracket
on U(g)? It turns out there are no homogeneous double Poisson brackets on U(g). If {—,—} is
homogeneous, then the tensors on the left and right sides of the equation below should have the

same length:
{27551/ - yx}} = {Z7 [LL', y]}}

It is likely this is not the case. Note that we can find a double Poisson bracket on U(L(V)),
since this is equal to T'(V'). But, unfortunately, most interesting Lie algebras are not free. Thus,
the word “derived” comes into play. This is related to homotopy, which, recall, is a continuous
deformation of one continuous function to another. A couple good examples of homotopies are:
(1) the unit disk is homotopic to a point; (2) a coffee cup is homotopic to a doughnut; (3) the
punctured plane is homotopic to a circle. In other words, a homotopy between x and y is a sort of
topological equivalence between the two objects. Now, with this introduction out of the way, we
define a chain complex.

Definition 11.1. A graded vector space V := &, V,, is a chain complex if we have a linear map
d:V, — V,_; for all n such that d? = 0.

Definition 11.2. Given a chain complex V, we have the chain of maps below:

dn42 dy, dn_1 dp_2
- Vn+1 Vn—l — Vn—2 —

Because d? = 0, we have ker(d,,) 2 im(d,,+1) for all possible n. Let H,, := ker(d,,)/image(dn+1).
The direct sum of all such H,, gives another graded vector space called the homology of @, V,,

Definition 11.3. A differential graded algebra, or DGA for short, is a graded algebra A = @, A,
with a differential d (as above) such that d(ab) = d(a)b + (—1)*lad(b).
Note: the (—1)l%l component above is crucial: If we get rid of it, for all a, b,

d*(ab) = d*(a)b+ d(a)d(b) + d(a)d(b) + ad*(b) = 2d(a)d(b) # O
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which cannot be the case. Adding it back in, we get

d?(ab) = d*(a)b + (=) +1d(a)d(b) + (—1)!%d(a)d(b) + ad?(b) = 0.

Now suppose A is a DGA algebra. Then it is a graded vector space, so we have the homology of A
as a vector space, H(A) = @, H,(A). It turns out H(A) is a graded algebra: If a,b € ker(d), then
clearly d(ab) = 0. If a € ker(d), b € A, then d(ab) = d(a)b+ (—1)!%ad(b) = (—1)lelad(b) € (d), so
multiplication in H(A) is well-defined. Thus, H(A) is a graded algebra as desired.

If A, B are DG algebras and if f : A — B is a DGA homomorphism (i.e. fd4 = dgf), then f
descends to a graded algebra homomorphism f : H(A) — H(B). In other words, we have the
following commutative diagram:

d
'4>An$14n—1*>"'

[
d

4>Bn43>Bn714>

From here, the definition of a DG isomorphism should be obvious. A quasi-isomorphism between
DG algebras A and B is a DGA homomorphism f : A — B such that f : H(A) — H(B) is a
graded algebra isomorphism.

Any algebra is a DG algebra we force everything to be of degree 0, and let d be the zero map.
Then, if B is an associative algebra with this artificial grading and differential,

B ifn=0
0 otherwise.

H'rL(B) = { (3)

Example 11.4. As a simple example, consider the algebra k[z,y] with the trivial grading and
differential. Also, consider k(z,y,z), where |z| = |y| = 0, |dz| = |dy| = 0, but |2] = 1 and
dz = xy — yx. Define a map by z — =z, y — vy, and z — 0. We claim that this is an algebra
homomorphism compatible with differentials (check this!). Now, we find Hy(k(z,y,z)). To do
so, we need to compute kerdy and dy. It is not so difficult to see that kerdy = k{x,y), and
dy = (zy — yx). Thus,

H()(k(.’b, y,Z>) = k(x,y)/(xy - yx) = If[(E,y]

The higher degree homologies vanish; since this is much harder to prove, we omit it. By (3),
Hy(k[z,y]) = k[z,y], so Ho(k(x,y,2)) = Ho(k[x,y]). Therefore, it follows that H(k(z,y,z)) =
H(k[z,y]). In other words, k{z,y, z) and k[z,y] are quasi-isomorphic.

Now, we state a couple of useful definitions:

Definition 11.5. A DG algebra is semi-free if it is a free algebra when one forgets about the
differential. For example, k{x,y, z) as given above is a semi-free DG algebra.

Definition 11.6. Suppose A is an algebra and that we may find a semi-free DG algebra (a “semi-
free replacement”) that is quasi-isomorphic to A (in general, we will want to start with the universal
enveloping algebra of some Lie algebra). A Derived Poisson structure on A is a Poisson structure
on this semi-free replacement.

11.3 The Chevalley-Eilenberg Chain Coalgebra

In general, there is a way to construct a chain complex for a Lie algebra; such a construction is called
the Chevalley-Eilenberg Chain Coalgebra. Recall that given a vector space V, Sym(V[1]) =2 A" (V)
as vector spaces.
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Definition 11.7. Suppose g is a Lie algebra concentrated in degree 0. The Chevalley-Eilenberg
chain coalgebra of g, denoted C(g; k) is given by the ordered pair Sym(g[l], dcg), where deg is the
Chevalley-Eilenberg differential. This is given by

dop(gi A Agn) = Y (=)™ g gl Agi A AGEA L AGEA A g,
1<i<j<n

where the negative appears from commuting g; and g; past the other elements (recall that the hat
above the element indicates it is missing from the wedge product).

We check that dQCE = 0 for the n = 3 case:

(X ANYANZ)=dep([X,Y|ANZ —[x,2] A\Y + Y, Z] A X)
= HXv Y]vZ] - [[X7 Z],Y] =+ [[Y7 Z]7Z] =0

by the Jacobi identity. A similar argument for an arbitrary n works, so the Chevalley-Eilenberg
differential is indeed a differential. Moreover the homology of C(g;k) is called the Lie algebra
homology. As its name suggests, the Chevalley-Eilenberg chain coalgebra also has a comultiplica-
tion, which is given by the n-shuffle comultiplication. For example, if we consider k[z,y] with the
commutator bracket, the bracket vanishes, so dog is 0 for C(k[z,y]; k). Moreover, we may learn
more about its comultiplication using the following table:

Degree Element A
0 k Al)=1®1
1 x,y Alx)=21+1Q«x
2 z ANy  AlxAy) =10 xAy)+rQy—yR@r+rxAy®1

Let C denote the copy of C in which 1 — 0. In other words, the copy of k in C is eliminated. Now,
note that we have the following comultiplication on C:

A:C-—2500C—»C®C

It is not difficult to see that in the example above, A(z) =m(z ®1+1®2) =200+ 0®z =0,
and A(x Ay) =z ®y —y ®x. However, clearly z and 0 are of different degrees, so A does not
preserve the grading. Since A is of degree 0, we just need to shift the degree A by -1. Thus, we
have
A[-1]: C[-1] = C[-1] & C[-1],
and clearly
depl—1]: CC[-1] — C[-1]

works as desired. To consider T'(C[-1]) as a DG algebra, we just need to define a differential on
its generators. This we have already done—7T'(C[—1]) has two differentials A[—1] and dcg[—1].
Lastly, we end with the following theorem:

Theorem 11.8. Suppose g is a Lie algebra. If we construct its Chevalley-Filenberg chain coalgebra

C(g; k) and take T(C[—1]), then Uy is quasi-isomorphic to T(C[—1]).

For example, to deal with derived double Poissons on k[z,y], we deal with double Poissons on
k(x,y,z).
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